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ABSTRACT

The aim of this work is to study the binding energy of the *He nuclei moving in a hot
low-density vapor of symmetric nuclear matter of protons and neutrons. We are
mainly interested in studying the effect of the inclusion of the CM momentum of the
*He nuclei on their binding energy. The surrounding nucleons are in thermal and
chemical equilibrium with the nuclei. We will try to find the Mott density, which is
the density of the surrounding vapor at which the binding energy of the ®He nuclei
become zero and so they will dissolve into the surroundings due to the Pauli blocking
effect, and how the Mott density will be affected by considering the CM momentum
of *He nuclei. We found that the existence of protons and neutrons in the vapor
surrounding the ®He nuclei will decrease their binding energy and so they will
dissolve into their components and become part of the surrounding vapor. We also
found that this dissociation process depends on the temperature. The main conclusion
of our work is that the assumption that the *He clusters are moving (inclusion of CM
momentum) within the surrounding vapor will make them survive to higher densities

at the same temperature.
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CHAPTER 1. INTRODUCTION

One of the most important topics in nuclear physics is to study the composition,
stability, and the dynamics of finite nuclear matter (nuclei) under different conditions.
Heavy-ion collisions are a very powerful tool to obtain reliable information about

nuclear matter behavior over a wide range of densities and temperatures.

Most recent studies in medium energy heavy-ion collisions indicate that there is a
possibility that the hot (excited) nuclei resulting from the collision will fragment into
small clusters of nucleons. This fragmentation process in the nuclear matter is called
the liquid-gas phase transition in which the nuclear matter will transfer from the

liquid-like phase to the gaseous one [1, 2].

Neglecting the surface and Coulomb effects (dealing with infinite nuclear
matter), it was shown that above or at a special temperature (critical temperature)
only the gaseous phase can exist. Below the critical temperature the liquid and gas
phases coexist. Attempts to study the liquid-gas phase transition in finite nuclear
matter were proposed by Jagaman et. al. in their studies [1, 2]. They concluded that
considering the surface effects and the Coulomb force will reduce the critical
temperature by a few MeV. They considered, for example, in their work [2] a system
of infinite nuclear matter (neglecting both the size effects and the Coulomb force) and
found that the critical temperature is about 22.9 MeV. In the same work they also

found that for a system composed of 50 protons and 50 neutrons when the Coulomb



force is neglected the critical temperature of this system is about 18 MeV. On the
other hand, considering the contribution from the Coulomb effect reduces the critical

temperature to about 16 MeV.

In 1985 Levit and Bonche [3] studied the effect of the Coulomb force on the
liquid-gas phase transition in finite nuclear matter. They showed that above a certain
temperature (limiting temperature), which is much lower than the critical temperature
of infinite nuclear matter, the charged nucleus is unstable and will fragment into

small clusters due to the repulsion between its protons.

In 1989 Jagaman [4] improved the equation of state considered by Levit and
Bonche by considering asymmetric nuclear matter. In another study [5] Jagaman
generalized the equation of state used in [4] by introducing the density-dependent
nucleonic effective mass to investigate how it affects the stability of the hot nuclei.
He also showed that considering the electric charge of the vapor will raise the value

of the limiting temperature.

Most recent investigations [6-14] studied the structure and dynamics of nuclear
matter in the vapor phase at very low densities. It was shown that bound states appear
in very low density nuclear matter to minimize the energy. These bound states are

light clusters such as deuterons, tritons, helions and alpha particles.

In 1988 Jagaman proposed a study of the nuclear matter at very low temperatures

and very low densities [6]. After solving the Hartree-Fock equations of nuclear matter



with the Overhauser’s orbitals analytically, he noticed that alpha particles are

dominant in the low-temperature region (T < 1.1 MeV).

Horowitz and Schwenk in their research [7] in 2006 studied the formation of
clusters in low-density nuclear matter. They used the virial expansion to derive the
equation of state of low-density nuclear matter composed of protons, neutrons and
alpha particles. They studied the composition, entropy, energy, and the symmetry
energy. In a recent work [14] the contribution from these clusters was considered
while studying the stability of hot charged nuclei. It was concluded that the presence
of clusters in the vapor has a significant effect on the stability and so on the limiting

temperature.

A nucleus can be considered as a strongly interacting system of fermions. In the
normal case nuclear matter is composed of protons and neutrons which are confined
within the nucleus of any atom. In this case nuclear matter is in its lowest energy
(stable) configuration. The density of nuclear matter in normal form is called the
saturation density. In general; the normal saturation density p, of nuclear matter is
estimated to be in the range 0.15-0.17 nucleons/fm® [2-6, 12, 13]. At the saturation
density the binding energy of nuclear matter is in its maximum value, or nuclear

matter is in its minimum-energy state.

The surrounding environment will affect the stability and so the structure and the

binding energy of the cluster. At a certain density of nucleons in the surrounding



vapor clusters will dissolve and become part of the surrounding environment. This
dissolution process is called the Mott effect. The density at which the cluster binding
energy vanishes and the cluster dissolves is called the Mott density. Its value depends
on the cluster type. For example, it was found in [8] that at T = 0 MeV and assuming
that the total momentum of the cluster P = 0, the Mott density of the deuteron is about
10 nucleons/fm® and the Mott density of the alpha particle is about 107
nucleons/fm®. The Mott effect occurs as a result of the Pauli blocking effect which is
a consequence of the Pauli exclusion principle according to which identical nucleons
are prohibited from occupying the same quantum state. This in turn results from the
antisymmetrization of the total wave function involving the nucleons inside and

outside the nucleus [8-14].

An attempt to study the medium effects on the bound clusters was suggested by
Ropke et al. [8]. They studied the effect of the surroundings on the stability of the
light-clustered nuclear matter from a quantum statistical point of view. They
determined the Mott transition density beyond which the many-body clusters dissolve

was determined.

A year later Répke and his coworkers [9] considered the correlation effects in the
surrounding medium. Another new step in their work was that they studied the
properties of clusters embedded in a hot medium consisting of nucleons and clusters.
They assumed that the nucleon-nucleon interaction was of the simple Skyrme type

[15].



Beyer et. al. [10] considered symmetric nuclear matter which contains equal
number of protons and neutrons at a finite temperature to study the properties and
distribution of the light clusters up to A = 4. They studied the distribution of the
nuclear matter at low-density limit and show that the binding energy of the clusters
depends on the density, temperature and the center-of-mass CM momentum of the

cluster.

Medium effects in low-density nuclear matter was also studied in [11] by Rdpke
using the quantum statistical approach. He considered the medium effects on the
clusters by describing the self-energy and the Pauli blocking. He found that the Mott
density of the alpha particle is about 0.006 nucleons/fm*at T = 0 MeV.

A recent study [12] of the medium effects on deuterons, tritons, helions, and
helium nuclei was carried out by Typel et al.. They calculated the Mott density at
different temperatures and for various light nuclei/clusters. All these calculations
assumed that these clusters are at rest. They concluded that as the density increases
these clusters dissolve when the binding energy decreases to zero mainly because of
Pauli blocking effect. They also found that the Mott density increases with
temperature regardless of the cluster type. This result is expected as the Pauli
blocking is less effective with increasing temperature.

Another recent work by Ropke [13] investigated the stability of light clusters up
to A =4 in hot and dense nuclear matter. ROpke used the quasiparticle approximation

to study the dissolution of light clusters due to the Pauli blocking shift. He showed



that for the deuteron (A = 2) at zero CM momentum the Mott density increases with
temperature. He also noticed that the Pauli blocking effect is less effective when the
CM momentum increases at fixed temperature.

We aim in this work to extend the work which was done by Typel and his
coworkers [12] by correctly including the CM momentum. In their work they
assumed that the *He nucleus is at rest. The new thing in our work is that we will
assume that the *He nucleus is moving in a hot low-density medium of protons and
neutrons which is more realistic.

We will try to find the Mott density at which the binding energy of the *He
nucleus becomes zero and so it will dissolve into the surroundings due to the Pauli
blocking. We will use the harmonic oscillator shell model wave function to describe

the internal wave function of the nucleus.

After this introduction we will discuss the properties of nucleons and the Skyrme
interaction in the next chapter. The nuclear shell model will be the subject of chapter
(3). The medium—dependence of the binding energy, which is the main idea of this
research, will be discussed in chapter (4). In chapter (5) we used the Fermi Dirac
statistics to find the expectation value of the binding energy of *He nuclei at different

temperatures. In chapter (6) we will discuss the results of our research.



CHAPTER 2. PROPERTIES OF NUCLEONS AND NUCLEAR

INTERACTION

The nucleus can be described as a medium of strongly interacting nucleons. There are
two types of nucleons: protons and neutrons. Each type of nucleus is characterized by
its number of protons and neutrons which distinguishes it from others. The study of

nucleons and the interaction between them is one of the most active fields in physics.

2.1 PROPERTIES OF NUCLEONS:

At first it was thought that nucleons are elementary particles. Now it is known that
each nucleon is made up of three quarks bound together by the so-called strong

interaction which is mediated by gluons.

Nucleons (protons and neutrons) are the most common members of the baryon
family. The proton is composed of two up quarks and one down quark. On the other
hand the neutron consists of one up quark and two down quarks. The difference
between their masses is relatively small. It was found that the mass of the proton is

938.272 MeV/c? while the mass of the neutron is 939.566 MeV/c?. [17].

The proton has a charge of +1e, where e = 1.60217733(49)x10™"° C is the
magnitude of the electric charge of the electron, while the neutron is neutral (has no
charge). This can be interpreted depending on the idea that protons and neutrons are

composed of quarks which are charged elementary particles. The charge of the up



quark is +2/3e and the charge of the down quark is —1/3e. This makes it easy now
to conclude that the total electric charge of the proton is +1e and of the neutron is 0

[17].

Both protons and neutrons have spin 1/2 and so they are fermions. This
indicates that when nucleons interact with each other the Pauli exclusion principle
must be applied and the total wave function must be antisymmetric. We will also see
that the spin of nucleons plays an important role in their interactions since the nuclear

force is found to be spin-dependent [17].

It is clear from the properties of the proton and the neutron mentioned above that
protons and neutrons are similar in most of their properties, for example, both are
fermions and the difference between their masses is very small (about 1%). It was
also observed that the nuclear force affects protons and neutrons in the same way,
thus the proton-proton interaction, neutron-neutron interaction, and neutron-proton
interaction are similar. This is the so-called charge-independence property of the
nuclear force [17, 19]. The only difference between them is in the electromagnetic
properties, thus, if one neglects this difference the proton and the neutron can be
treated as two states of the same particle. If we want to adopt this idea another label
must be introduced to distinguish between them. This label (operator) is the isospin
(7) which is mathematically similar to the intrinsic spin (S) label. Thus, it is easy now

to say that the proton and the neutron are two states of the same particle. Using the



same mathematics of the intrinsic spin operator we can say that the value of the
isospin is T = 1/2 for the nucleon with two possible values of its third component (7)
to distinguish between the proton and the neutron. While one has t; = +1/2 the

other has t; = —1/2 [17].

2.2 NUCLEON-NUCLEON INTERACTION:

The nucleon-nucleon interaction is one of the most important issues in nuclear
physics. Until now this interaction is not known exactly, so that many attempts were
made to suggest reasonable approximations to an effective nucleon-nucleon
interaction. As mentioned above nucleons are not elementary particles, thus it is
expected that the quarks that make them up will contribute in the interaction between
nucleons. Since quarks cannot be found in isolation the interaction between nucleons

results from the exchange of mesons which are quark-antiquark pairs.

As a first step in understanding the nature of the nucleon-nucleon interaction it is
convenient to make use of the simplicity of the deuteron as it contains only two

nucleons (a proton and a neutron) loosely bound to each other.

2.2.1 THE DEUTERON:

The deuteron is a very simple bound system with special properties. The binding
energy of the deuteron is 2.22457312 MeV and its mass is 1876.1244 MeV /c?. It

is also known that the parity of the deuteron structure is positive [17]. Here are the
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measured values of some of the most common observed properties of the deuteron

listed in Table 1

Table 1. The observed properties of the deuteron in its ground state®

Ground-state property

Value

Binding energy

2.22457312(22) MeV

Spin and parity, J™ 1t
Magnetic dipole moment, u, 0.857438230(24) uy
Electric quadrupole moment, Q 0.28590(30) e.fm?

As mentioned above the deuteron consists only of one proton and one neutron

whose intrinsic spins can add up to 1 or 0. This means that we have two possibilities

of the intrinsic spin (S) of the deuteron: S = 0 (singlet state) and S = 1 (triplet state).

But it was found that the deuteron exists only in the triplet state. This can be shown

by making use of the fact that the deuteron parity is positive. To be more clear let us

separate the wave function of the deuteron into three parts: the intrinsic wave

function of the proton, the intrinsic wave function of the neutron, and the third part is

the orbital wave function which represents the relative motion of the proton and the

neutron. This separation process makes it easy for us to detect that the parity of the

' Note that the numbers given in parentheses represent the uncertainties in the last digits of the
measured values. Also uy = % is the nuclear magneton, where # is the reduced Planck constant and

D
m,, is the mass of the proton.



11

deuteron is only associated with the parity of the orbital wave function of the relative
motion as the intrinsic parities of the wave functions of both the proton and the
neutron are identical (two states of the nucleon). But the orbital wave function is
given by the spherical harmonics Y (8, ¢) whose parities are given by the factor
(—1)%, and so we can now use the fact that the parity of the deuteron is positive to

conclude that the orbital angular momentum L must be even [17].

Depending on the above discussion and also making use of the fact that the total
spin of the deuteron in its ground state isJ = 1, where J = S + L, it is easy to conclude
that the allowed values of the orbital angular momentum L are 0 or 2. It is clear now
that it is impossible for the deuteron to be in the singlet S = 0 state, as when S = 0 and
L is even we will never get J = 1, and as a result the spin angular momentum of the

deuteron is S = 1 (triplet state).

The deuteron in its ground state still has two possibilities, L = 0 and L = 2, for
the space part of the wave function. This means that both the %S, (triplet S state) and
3D, (triplet D state) components appear in the deuteron wave function. These facts
about the deuteron give a good indication that the nuclear force mixes different L-

components [17, 18].

The existence of both 3S;- and 3D, - states in the deuteron ground state can also
be verified depending on other observed properties of the deuteron, such as the

electric quadrupole and the magnetic dipole moments. It is known that the electric
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quadrupole operator measures the departure from a spherical charge distribution of a
nucleus. Since the state 35, is spherically symmetric, the observed positive value of
the deuteron electric quadrupole moment (Q; = 0.28590 e. fm?) is a strong

evidence for the presence of the 3D;-component in the deuteron ground state [17].

The magnetic dipole moment of the deuteron u, also indicates that there is a
small admixture of the 3D;-component in the deuteron ground state. At first let us
assume that there is only the 35, (L = 0) state in the deuteron ground state. In this
case the deuteron magnetic dipole moment results only from the sum of the intrinsic

dipole moments of a proton u,, and a neutron u,, [17], thus

1a(*S1) = wp + ptn, = 0.87976 py (2.1)

The observed value of u, is 0.857483uy (see Table 1) which is slightly different
from the value obtained from eq. (2.1). This leads us to conclude that the ground state
of the deuteron is not a pure state and it is an admixture of 3S; and 3D, states. Now

the deuteron wave function can be written as

[¥a) = alS1) + b|°Dy) (2.2)

with the normalization condition

a?+b%=1 (2.3)
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Eq. (2.3) together with the observed experimental values of the magnetic dipole
moment u, and the electric quadrupole moment Q, can be used to obtain the values
of a and b. The value of a?, which represents the probability that the deuteron is in
the 35, state, is about 96%. On the other hand the probability of being in the 3D, state
(b?) is 4% [19]. This means that the deuteron ground state wave function is a linear
combination of the 35, state (the dominant state) and the 3D, state. The very small
admixture of the 3D;-component in the deuteron ground state plays an important role

in the study of the properties of the nuclear force as we shall see later.

2.2.2 PROPERTIES OF THE NUCLEON-NUCLEON INTERACTION:

The above discussion of the deuteron properties indicates that the deuteron is a rich
source for gathering important information about the properties of the nucleon-

nucleon interaction which in turn plays a vital role in understanding the nuclear force.

The dominant existence of the triplet spherically symmetric state in the deuteron
wave function indicates that the nucleon-nucleon potential contains a dominant
central spherically symmetric term V.(r) which depends only on r. This central
attractive term is responsible for holding nucleons together within the nucleus as it

can overcome the central Coulomb repulsion between protons [17, 19].

As mentioned above, the small admixture of 3D, state in the dominant
spherically symmetric3S, state in the deuteron ground state indicates that the

nucleon-nucleon interaction is not purely central as it contains different values of L-
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components. This means that a small non-central tensor component must be added to
the central dominant force between two nucleons. The tensor force term depends
mainly on the separation position vector 7 and the spins of the two nucleons s, and
S,. This is not strange as a nucleon is mainly characterized by its spin. Thus the
tensor force depends on the scalar product of 7 and the spin (5.7), or the cross
product of them (S x 7) as these are the only terms relating 7 and § with each other.

Thus the general form of the tensor character of the nucleon-nucleon interaction can

be written as S;, = W— 5,.5,. If we take the average over all angles the

tensor force term S;, will vanish. This means that this term is negligible if we

consider finite nuclear matter with many nucleons [17, 18, 19].

Other restrictions on the nucleon-nucleon interaction can also be concluded by
considering the symmetry requirements on a two-nucleon system. For example, it
was assumed that the nucleon-nucleon interaction is charge symmetric. This means
that after subtracting the Coulomb interaction between a pair of protons, the proton-
proton and the neutron-neutron interactions are similar [19]. Also the nucleon-
nucleon interaction is assumed to be charge-independent, that is the proton-proton,
neutron-neutron, and the proton-neutron interactions are assumed to be equal. This
assumption is usually made although there is a small difference (= 1%) between the
proton-neutron interaction and the interaction between a pair of protons or a pair of

neutrons [17].
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The invariance of nucleon-nucleon interaction under the translation of the whole
system of the two nucleons in space is another symmetry restriction in the nuclear
interaction. This means that the interaction between two nucleons depend only on the
relative position of the two nucleons with respect to each other 7 = #; — 7, and not on

their absolute positions (#; and 7,). The nucleon-nucleon interaction can also depend
on the relative momenta of the two nucleons p = %(ﬁl — p,). This property is known

as the Galilean invariance of the two nucleon system. Beside the translational and
Galilean invariances, the nucleon-nucleon interaction also satisfies other symmetries,
such as, the invariance under a rotation of the coordinate system or a permutation

between the two nucleons, time reversal (t — —t), and parity invariance [17].

The dependence of the two-nucleon interaction on the relative momenta of the
two nucleons will add a new term to the nucleon-nucleon interactions. This term is
called the spin-orbit term as it depends on both the total intrinsic spin S = 51 +5,
and the total relative orbital angular momentum L =# x 7 of the two-nucleon
system. The general form of the spin-orbit term, which satisfies both the parity and

time reversal invariances, is V;, (r)L.S, where V.o (r) is some function of r [17, 19].

Another term, which is a spin-dependent one, must be added to the nucleon-
nucleon potential. The existence of such term is mainly predicted depending on the
fact that only the triplet (S = 1) state exists in the deuteron. This term must also

satisfy the parity and translation invariances. The general form of this term is
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V(r)(1 + xoP;), where V(r) is an arbitrary function of r and x, is any constant

which is determined by fitting the experimental data. Also in this term P, =
%(1 + :—2§1.§2) is the spin exchange operator which acts on the spin states of the

two-nucleon system. When P, acts on the triplet state it gives +1 as this state is
symmetric under the exchange of the spins of the two nucleons. On the other hand,

when it acts on the singlet spin state, which is antisymmetric, it gives -1 [18].

Although the study of the two-nucleon systems, such as the deuteron, is an
important source of gathering information about the nuclear force, it is on the other
hand not enough or in other words another source must be used in order to obtain
better results. Thus many experimental approaches, in which one nucleon is scattered
off another one, were made to achieve this purpose. The results of nucleon-nucleon

scattering introduced a new progress in the understanding of the nuclear force.

By analyzing the nucleon-nucleon scattering results at different ranges of
energies it was noticed that the nucleon-nucleon interaction can be divided into three
parts. The short-range repulsive part (r < 1 fm) indicates that the nuclear force must
contain a repulsive hard core. The intermediate-range part (1 fm <r <2 fm) and the
long-range part (r > 2 fm) [17] are generally attractive. The presence of the short-
range repulsive part in the nucleon-nucleon interaction is consistent with the known
fact that the nuclear density is roughly constant which means that there is something

preventing nucleons from being very close to each other.
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Depending on the results of the nucleon-nucleon scattering experiments it was
also possible to find evidence for other properties of the nucleon-nucleon interaction.
For example, it was found that the proton-proton scattering parameters (after
subtracting the effect of the Coulomb force) are approximately similar to those of
neutron-neutron scattering, and thus, it is convenient to describe the nucleon-nucleon

interaction to be charge symmetric [19].

In summary, one can say that studies of the deuteron properties, the symmetries
of the two-nucleon systems, and the nucleon-nucleon scattering experiments enable
us to suggest a reasonable potential describing the nucleon-nucleon interaction. The
dominant term in this potential is a central attractive potential with a repulsive
hardcore. There are also small contributions to the nucleon-nucleon potential that
include a non-central tensor force component, a spin-orbit term, and a spin-dependent

term.

2.2.3 NUCLEON-NUCLEON POTENTIALS:

In the 1930’s Yukawa proposed the first step towards a fundamental theory of the
nucleon-nucleon interaction. He followed a physical mechanism to formalize his
theory. Yukawa made an analogy with the quantum electrodynamics which says that
the electromagnetic interaction between charged particles is contributed by the

exchange of virtual photons, and thus, he predicted that the nucleon-nucleon
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interaction is mediated by the exchange of virtual particles (mesons). By solving the

time-independent Klein-Gordon equation,

m?2c?

VZp(r) = —— () — go(r) (2.4)

Yukawa obtained a general form of the nucleon-nucleon potential which is called the

Yukawa potential

e—mcr/h

b(r) =L (25)

4 r

where g is an adjustable coupling constant, # is the reduced Planck constant, c is the
speed of light, and m is the mass of the exchanged meson. The propagation process
of mesons between nucleons must satisfy the uncertainty principle. This means that if
only one meson is exchanged then its means that the energy of the transferred meson

and its life time is related through the equation [20]:
(mc®)At = h (2.6)

From this equation we can find that the range of the force, which results from the

exchange of a meson of mass m between two nucleons, is given by

range = cAt = LE (2.7)

mc

It is easy now, from eq. (2.7) , to notice that the main factor that affects the range of

the nucleon-nucleon interaction is the mass of the exchanged meson. As we can see
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from this relation the heavier the mass, the shorter is the range. We can see also that

eg. (2.5) can be written in terms of eq. (2.7) as,

e—T/range

$(r) = (28)

r

which indicates that the Yukawa potential shows that the range of the nuclear

potential depends strongly on the mass of the exchanged meson.

The discovery of the pion (m meson) in 1947 [26] supported the idea proposed by
Yukawa. If we substitute the mass of the pion (= 140 MeV /c?) in eq. (2.7), we will
obtain the observed value of the nuclear force range which is about 1.4 fm. As
mentioned above the nucleon-nucleon interaction can be divided mainly into short-,
intermediate-, and long-range parts. By fitting the experimental data it was noticed
that Yukawa’s idea of simple one-pion exchange potential (OPEP) gives reasonable

results for the long-range part [17].

In attempting to construct a potential that has the correct form for long-,
intermediate-, and short-range parts a phenomenological approach was adopted. This
approach was mainly based on generalizing the one-pion exchange (OPE) idea
proposed by Yukawa to the so-called one-boson exchange (OBE) idea [17].
According to this idea the long-range part is contributed by pions while the
intermediate-range part is made of single heavier mesons. The short-range repulsive

part comes from the exchange of heavy mesons, such as the p-, ®-,and n-mesons [18].
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The masses and the range of exchange of some of the mesons are summarized in

Table 2

Table 2. Masses and exchange ranges of some mesons that contribute to the nucleon-

nucleon interaction.

Meson Particle P?;;f‘lle /IZIZG)ISS Range (fm)
T-meson 140 1.4
n-meson 549 0.35
p-meson 769 0.25
®-meson 783 0.25

It is also possible to consider the exchange of more than one meson to obtain the
intermediate- and short- ranges of the nucleon-nucleon potential. This can be
interpreted easily by rewriting eq. (2.7) for the case in which n mesons are

exchanged. If we do this we will get

range = cAt = I (2.9)

nmc

Now it is clear, from eq. (2.9), that as the number of exchanged mesons increases
the range of the interaction will be shorter. In general, the intermediate-range is
dominated by two-pion exchange while the short-range part results from multipion
exchanges. This can give us a good indication to the many-body part of the nuclear
force. For example, if a nucleon emits two mesons, they may be absorbed by two

different nucleons, and this in turn indicates the existence of three-body forces [17,
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20]. The *He nucleus, which we will study in our work, is a three-nucleon system
(contains two protons and one neutron) and so two- and three-body interactions must

be considered in this case as we will see below.

Although this approach is successful in many applications, it still has some
difficulties as we have different mesons with different masses. Also this approach
assumes that mass is an adjustable parameter which contradicts with the properties of

real mesons [17].

Another approach to formalize the nucleon-nucleon potential is based on
effective field theory (EFT). This approach appeared after the discovery of quantum
chromodynamics (QCD). It was useful especially in describing the short-range part of

the nuclear potential [21, 22].

One of the potentials derived from the EFT is the Paris potential [23] which was
introduced by the Paris group in the 1970’s. The Paris group interpreted the nucleon-
nucleon interaction in the long- and intermediate ranges by the one- and two-pion
exchange respectively. For the hard core they said that it mainly results from the
exchange of three and four pions. Another group, whose work is approximately
similar to the work of the Paris group, is the Bonn group [24]. The main difference
between the two groups is in the implementation of the short-range nucleon-nucleon
interaction. In the Bonn potential the repulsive short-range interaction is mainly

contributed by the ®-meson exchange [25].
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Recently, approximately in the 1990’s, new phenomenological potentials were
introduced to represent the nucleon-nucleon interaction. These potentials are called
high-precision charge-dependent nucleon-nucleon potentials. The Argonne V18, the
Nijmegen potentials (Nijm I, Nijm II), and the Idaho potential are examples of such

potentials [22, 25, 26, 27].

2.3 EFFECTIVE NUCLEON-NUCLEON INTERACTION INSIDE NUCLEAR

MATTER:

The interaction between a pair of nucleons when they are free is different from that
when they are near other nucleons as when they are bound within a nucleus. Thus, it
iIs insufficient to specify the nucleon-nucleon potential completely by studies made on
systems of two free nucleons alone. Nucleons within a nucleus interact with each
other not only via two-body interactions, there are also three-, four-, and higher-rank
interactions. The *He nucleus, for example, which is the subject of our research is a

three-nucleon system and so a three-body force appears in it [21].

The effective nucleon-nucleon interaction for bound nucleons is not known
exactly. Many attempts were made to suggest reasonable approximations to it. The
Brueckner approach in the 1950s introduced one of the most important effective
interactions in nuclear physics. Via this approach, which is mainly based on
perturbation theory, Brueckner theory provides a very powerful tool to interpret the

existence of the repulsive hard core by describing the interaction between a pair of
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nucleons when they are surrounded by other nucleons [21, 27, 28]. A study by Eden
[29] used the Bruckner theory to study the structure and properties of finite nuclear
matter. The success of the Bruckner-based approach in some aspects does not mean
that it is simple. On the contrary, it is so complex and needs a lot of detailed work

especially when used to study finite nuclei with a large number of nucleons.

As an alternative, a phenomenological simple effective interaction was first
proposed by Skyrme in 1959 [15]. The Skyrme interaction which is a zero-range
effective nucleon-nucleon interaction was successfully used by Vautherin and Brink
[16] in their study of the properties of nuclear matter and some closed-shell nuclei.
The introduction of this zero range nucleon-nucleon interaction simplifies nuclear

calculations and makes them easier.

2.4 THE SKYRME INTERACTION:

The original form of this interaction as in [16] is

V= YicjVij + Dicj<k Vijk (2.10)

where,

v;; represents the mostly attractive two-body interaction and,

;i represents the repulsive three-body interaction.
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The general form of the two- and three-body interactions as used by Vautherin

and Brink in their study [16] are

1712 - _to(l + XOPU)(S(T_‘H - ?2) + %tl [6(7_:1 - ?Z)kz + kvzé‘(?l - T_zz):l +
t,P.8(F — 1)K + iWy(6,+ 6,) - P x8(F —7)P (2.11)
V123 = t35(71 —1,)8(7, — F3) (2.12)

-V,

- - - e = ﬁ =
where 7, r,and 7; are the position vectors of the nucleons, P = 12—1 and P =

Vi-T,

represent the relative momentum operators acting on the right and acting on

the left respectively and W, = —%n f0+°° V.s(r)r*dr, where V, ¢(r) is the two-body

spin-orbit potential at the short-range limit. The Skyrme interaction parameters
Xo, to, t1, t, and t; are determined by fitting the properties of infinite nuclear matter

and some finite nuclei.

Vautherin and Brink also showed that for even-even nuclei three-body

interactions are equivalent to a two-body density-dependent interaction

Vio = 2t,(1+ P)p [22] 8y — 7) (213)

2
where p is the density. But in the case of *He this result cannot be used because of the

unpaired neutron.



25

For simplicity we will neglect the momentum dependent terms in (2.11). This

means that the form of the Skyrme interaction which we will use in this thesis is

Vi, = —to(1 4+ xoP,)6(7 — 1), and vy,3 = t36 () — 1) 8(7, — 73) (2.14)

These are the two- and three-body interaction terms which we will use in our work.
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CHAPTER 3. NUCLEAR SHELL MODEL

Several models have been proposed to study the structure of nuclei, with each method
being based on a set of simplifying assumptions. Each model is successful and gives
good results in a limited range, but fails when applied to data outside of this range.
There are three nuclear structure models that were introduced to describe the internal
working of the nucleus. These models are: the Collective Model, the Liquid-Drop

Model, and the Nuclear Shell Model [17]. We will be using the Shell Model.

3.1 EVIDENCE AND BAsIC ASSUMPTIONS OF THE NUCLEAR SHELL

MODEL

The nuclear shell model is one of the most important and useful models of nuclear
structure. The original motivation for proposing it was that it was found
experimentally that nuclei with certain numbers of protons or neutrons have relatively
high nuclear binding energies per nucleon. This means that these nuclei are more
stable than others. These numbers were called the “magic numbers” as they were not
understood at that time. This situation was similar to the extreme stability of the
noble gases which was explained successfully by the existence of completely filled
shells in the electronic shell model. This was the main reason which encouraged

scientists to adopt the idea of shells to describe nuclear structure[19, 30, 31].
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The basic hypotheses of the nuclear shell model are similar to those of the
electronic shell model. This means that protons and neutrons within the nucleus are
constrained to move in shells with each shell being limited to a certain maximum
number of protons or neutrons. It is known that nucleons are confined within the
nucleus via the nuclear force which is a short-range force as mentioned in the
previous chapter. When the distance between nucleons is very small the nuclear force
becomes repulsive. This nucleon-nucleon repulsive force and the Pauli exclusion
principle contribute to the independent motion of the nucleons within the very dense
nuclear matter. The independent motion of protons and neutrons within the nucleus is
a basic assumption of the nuclear shell model. Thus, the nuclear shell model is called
the Independent-particle model [30, 32]. This independent motion of nucleons in turn

reduces the many-body problem into many single particle problems.

Similar to the electronic shell model, when the outer shell is filled, the nucleus
will have extreme stability. This is what happens when the number of protons or
neutrons or both is magic. Thus, the shell mode was able to give a reasonable
interpretation of the extra stability of some nuclei. On the other hand, the properties
of neighbouring nuclei with a closed shell plus or minus one nucleon are determined
by the unpaired nucleon. This effectively reduces the many-body problem to a single-

particle problem [31].

The idea of the nuclear shell model was first suggested in the 1930’s. This model

was able to give a reasonable interpretation of the high stability of nuclei containing



28

the first four magic numbers 2, 8, 20, and 40. In 1949, Mayer tried to improved the
conventional shell model to account for the higher magic numbers by introducing the
strong spin-orbit force for individual nucleons. In the same year, Jensen and his
colleagues Axel and Suess studied the shell model independently from Mayer and
they reached the same result. Mayer and Jensen won the Nobel Prize because of the
importance of the improvement they introduced in the shell model [30, 31, 32]. In
1954 Brueckner improved the idea of independent motion of particles depending on

the short range nucleon-nucleon repulsion and the Pauli exclusion principle [30].

3.2 CENTER-OF-MASS SPURIOUS STATES IN THE NUCLEAR SHELL

MODEL

The nucleus is a finite self-bound system. Nucleons in the nucleus can be treated as
forming a many-body system. This system has both internal motion and center-of-
mass motion. While studying the nuclear dynamics of nuclei using the nuclear shell
model, the basic problem was the appearance of spurious center-of-mass (CM)
motion. As mentioned above the shell model assumes that nucleons move
independently in a potential well V(7). Assuming that this nuclear potential well is
centered at the origin, then in the ground state the CM oscillates in this potential with
the zero point motion. The shell model wave function of the excited states may lead

to the CM oscillating with higher energies. This is called spurious CM motion. This
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means that to remove the contribution of this spurious motion it is necessary to split
the many-body motion into center-of-mass motion and internal motion.
Center-of-mass spurious motion in the shell model calculations was one of the
active fields of research since the 1950’s. Many ways were suggested to solve the
problem [33-42]. An effective way to separate the center-of-mass motion from the
internal motion is to carry out the nuclear shell model calculations in the harmonic
oscillator representation as first shown by Elliott and Skyrme in their work in 1955
[34].
3.3 HARMONIC OSCILLATOR NUCLEAR SHELL MODEL:

As the nuclear shell model is based on the independent motion of nucleons, the shell
model wave function ¥g,, (7, 75, ..., 74) can be written as the product of the single-
particle wave functions ;(#;) . But nucleons within the nucleus are fermions which
means that the total wave function must be antisymmetric. Thus, to ensure the
antisymmetrization property the nuclear shell model wave function is written in the
form of a Slater determinant,

Vi) i) - ()
YA YA YA

WSM (Fll F21 ey FA) = —=det

= (3.1)

where A is the number of nucleons, and #; are the coordinates of the individual
nucleons. The average interaction between a nucleon and all other nucleons can be
expressed as a single-particle potential V (#) which depends on the position of the

nucleon. Different forms of the nuclear potentials were suggested. The harmonic
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oscillator potential well is one of these nuclear potentials. Assuming that the
harmonic oscillator potential well is centered at the origin, V(#) = %mwz(ﬁ-)z, the

shell model wave function can be written as:

'IUSMn = |l/)n1(?1)l/)n2(?2) l/)nA(FA)l (3.2)

_B)° 1/2 _ _
where Y, (#}) = N,H,(B7:)e” 2z , N, = (ﬁ) , H, is the Hermite
Polynomial of order n, and f? = mw/h , where w is the angular frequency of the
harmonic oscillator. For the sake of simplicity, antisymmetrization of the wave
function is not explicitly shown in eq. (3.2) and the following equations, but it is
understood that antisymmetrization will be carried out in the actual calculation. The
shell model wave function in eq. (3.2) still contains the unphysical vibration of the
center-of-mass within the potential well, as will be shown below. Elliott and Skyrme

[34] showed that the harmonic oscillator representation of the shell model wave

function made it easy to separate the spurious CM motion. Taking the origin of the

harmonic oscillator potential well at R, where §=Z{‘=1 7;/A, and using the

following change of variables

=v]}
f¢
Il
X
|
=o]]

> o ﬁ—)_—)
nm=rn—K 1N ==

(3.3)

the wave function (3.2), can be written as
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qJSMn = nanZ ---NnAHnl (B(ﬁl + ﬁ)) an (,8(772 + ﬁ)) HnA (ﬁ(ﬁA + R)))

Zr N2 ., n2 L on2
w o= Sl Gt R+ R) -+ (i +R)]

= nanZ NnAHnl (ﬁ(ﬁl + R))) an (ﬁ(ﬁz + R))) ---HnA (ﬁ(ﬁA + ﬁ))

ﬁZ

% o~ Zi+ni+4ni+AR?]

= Ny1Npa ... NpgHyq (ﬁ(fﬁ + R))) Hyy (ﬁ(ﬁz + ﬁ)) o Hng (ﬁ(ﬁA + ﬁ))

_ﬁ_z[ 24n3+-+n3] - BB2R?
X e 2 nit+nz na e 2

It is clear now that the term e‘gﬁsz represents the CM vibration within the
harmonic oscillator potential well. This vibration is not physical and so must be
removed. Thus, the usual shell model wave function is a product of the internal wave
function which represents the internal motion of nucleons within the oscillator, and
the center-of-mass wave function which represents the unphysical oscillatory motion

of the CM itself in the oscillator potential. Thus,

'IUSMn = l‘UL'ntnl‘UCMn (3.4)

The total momentum and the total angular momentum of any nucleus are
conserved because the Hamiltonian of the nuclear system is invariant under
translation and rotation [35, 37]. As mentioned above the nuclear wave function can
be written as in (3.4). In this formula the internal wave function is invariant under the
translation, while the center-of-mass wave function is not. This means that the center-

of-mass wave function is not an eigenstate of the nuclear Hamiltonian. Thus, the
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contribution from the oscillatory center-of-mass motion is not physical and must be
removed. After the elimination of this CM oscillatory motion the shell model wave

function in its correct form is

Wsn,, = NniNna .. NpaHpa (B ( (7”1 ﬁ)) Hyo (ﬁ(Fz - ﬁ))  Hya (ﬁ(?A - ﬁ))

N (GRURCRUREIOR O (35)
To be more clear let us write the harmonic oscillator shell model Hamiltonian

- 1
—|72 + Emwzriz (3.6)

H =
SM 112

where 7; and p; are the coordinates and momenta of the individual nucleons. Using
the change of variables as in [37] the harmonic oscillator Hamiltonian can be

separated as

Hsm = (ZmA Vfo T3 (mAwZ)f()) + Z ( ::] 52] +%(mja)2)f]2>

1

where & =7 — — Y7y with 7 = 0, and m; = (A —j)m/(A —j + 1) is the

reduced mass of the j,, nucleon.
= Hgy = Hey + Hine (3.7)

with

Hey = \750 + = (mAa)Z)EO (3.8)

2mA
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We can see that the CM oscillates in a potential %mAa)ng with an angular frequency

mAw?
mA

w', given by o' = = w. This means that the minimum CM energy quantum is
;hw.
Now, both H.,, and H;,,; obey the Schrédinger equation
(Hem — Ecm)Wem = 0 (3.9)
and
(Hint = Eqne)¥ine = 0 (3.10)
Thus, the total energy of the nuclear system is

E = ECM + Eint (311)

When all the nucleons are in the lowest energy level of the harmonic oscillator
the CM oscillatory motion does not result in spurious states, but gives an unphysical
value of %hw which must be subtracted. On the other hand, for excited states it may
contribute even higher spurious amounts [39]. This means that the states are spurious
if their oscillatory CM energy E,, is larger than %hw [37, 42]. A study of the excited

states in “He [40] showed that the center-of-mass motion will affect the calculated

binding energy of the nucleus. Even in the ground state we need to eliminate the

;h“’ from the total energy of the nucleus.
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3.4 *He CALCULATIONS USING HARMONIC OSCILLATOR NUCLEAR

SHELL MODEL:

In our work we will study the stability of *He nucleus (helion) when it is immersed in
a vapor of nucleons. Here is a list of some of the properties of an isolated *He nucleus

[44] in Table 3 below

Table 3. Observed properties of an isolated *He nucleus

Property Value
Binding energy (B,) 7.718 MeV
Spin, J 1/2
Mass 2809.41MeV/c?
rms radius 1.76 fm

The *He nucleus consists of two protons and one neutron. Thus, using the
Harmonic oscillator shell model representation, the correct wave function of the *He

nucleus in the ground state can be derived as in (3.5) to be

w(123) = Ae” %2[(F1—§)2+(F2—§)2+(73 _ﬁ)z]¢spin(123) (3.12)

where A is the normalization constant. 7, 7,and 7; are the position vectors of the two

protons and the neutron respectively. Also in eq. (3.12) R = >3, 7;/3. This wave

function does not include any unphysical oscillatory CM motion. Considering the
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case that the CM of the *He nucleus is not at rest, but moving with momentum K,

within a cubic box of edge L the wave function will be
B2Mr> =32 72 2. .72 2] .o
lp(lzg) = #8_7[(7‘1—1?) +(7‘2—R) +(7‘3—R) ]elK'Rlpspin(lzg) (313)

where K represents the wave vector of the *He nucleus.
As the *He problem is a three body problem we will change the variables as in

[43]

N N - 6
(?1 - R)z + (FZ - R)Z + (F3 - R)z = 6(7"% + T% + T'% — ?1.?2 — Fl'?3 - Fz.?g))

— — 2
2(3 3 3., L Tri+r
:—<—T12 +—T22 —=r1.7 +<T'3 - ! 2 2) )

3\4 4 2
_1 — = \2 2 (> ?1+?2 2
—E(Tl—rz) +§(r3— 2 ) (314)
But,
- r1+T - - 7y —T - r - - - - - -
3—r12r2= 7+ rz=s+£,wheres=r3—r1andr=r1—r2.

Now the normalized wave function can be written as

2
3 _B°

1 B
w(123) = o (&) e

2 =,
2>
r—+—(s+r

- +5(5+3) ]eiﬁ.ﬁlpspm(123) (3.15)

Now, let us examine the spin part of w(123). This is important because the
interaction between the nucleons is spin-dependent. The total wave function of the
two protons must be anti-symmetric. We can see from eg. (3.15) that the space part of

the wave function of the two protons is symmetric. This means that, for the total
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wave function of the two protons to be anti-symmetric, the spin part of the wave

function of them must be anti-symmetric (singlet state) and thus
Yepin(12) = $oo(12) = Z s (-2 —x-Dx: (2} (3.16)

where y, (1) means that the first proton is spin up, and y_(2) means that the second
proton is spin down. As the neutron can be spin up or spin down, here we choose it to

be up, and so the spin wave function will be
Yepin(123) = =01 (- (2) = - (D }x: (3) (3.17)

Whereas the spin wave function of the two protons is always anti-symmetric so
that the two protons always interact with each other in the singlet state, the interaction
between a proton and a neutron involves both the singlet and the triplet states. This

can be seen as follows:

1
Yopin(123) = ﬁ{)@(l)x_ (2)x+(3) = x-(Wx+ (2 x+(3)}

1 1
= ﬁ)(+(1))(_(2))(+(3) - E X-(Wx+(2)x+(3)

= 50 W@ ~ 5 (G2-Wx®) +52:Mx-3)

D@ - DeMrE®) @)
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1
= ﬁm(l)m(S)x-(Z)

1/1
-5 <ﬁ [r-(Wyx,(3) + ;(+(1)x_(3)]> x+(2)

— (S 3) = Wx-3)]) 24 (2) (3.18)

We see that the interaction between the first proton and the neutron may be in

2
the triplet or singlet states. The probability of it being in a triplet state = (%) +

(_—1)2 — 2 and the probability of being in a singlet state (_—1)2 =1 The same thin
2) T 4 p y g o} =) =+ g

can be said about the spin wave function of the second proton and the neutron.

3.5 BINDING ENERGY OF *He USING HARMONIC OSCILLATOR

NUCLEAR SHELL MODEL:

The binding energy of a *He nucleus is the energy needed to split it to its components
which are two protons and one neutron. In order to find the binding energy of *He we
will use the Skyrme interactions (see eq. 2.14) to represent the interaction between
nucleons within the harmonic oscillator potential well. The Hamiltonian of the system

can be written as
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3
z 2_ P+ Vip + V13 + V23 + V123
i=1
—h2
—_ E[Vlz + VZZ + 732] + 7.712 + 7.713 + U23 + U123 (319)

32
where Y3 2 represents the kinetic energy of the three nucleons. The terms
=1 5 "1

V12, V13, U3 @nd vy, represent the two- and the three-body interactions between the
three nucleons. We will use the Skyrme interactions (see eq. (2.14)) to represent these
terms. The expectation value of the Hamiltonian gives the total energy

Etotar = (lp|H|lp)

(1p| [‘71 + VF 4+ V4 vip + 013 + vy + 13| ¥)

= (V| 2o (77 + V2 + V1) + (P[usa|¥) + (P vis|¥) + (W [ops|¥) +
(P|v123]¥) (3.20)
We will now evaluate the first term in eq. (3.20) which represents the Kinetic
energy contribution to the total energy. For simplicity, we will do the calculations in

the x-direction. The space part of the wave function in (3.15) can be written as:

B 2, 2 ,
X%+ 5% +xs iK. X
e~ T (X" sk + xS pikeX,

¥.(123) = 35
where
X = X1 = Xz, Sx = X3 — Xy, andX:@
Then,
Wy _ 07y | O 107y 207k 207Wx 5Oy g,

9x2  9x2 9s2 9 9X2 = 30x0X 3 0s,0X 9x0sy
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0’y 0%y 19%y. 2 0w
=t == (3.22)
0x3 0x? 9 0x2 30x0X

0%y, 0%y, lazwx 2 0%Y,

0x2  9sZ ' 9 0XZ | 30s.0X (3.23)
Now, by adding (3.21), (3.22), and (3.23)
%W, | 0%W, | 0%W, (azwx 0%y, azsvx) 10%Y,
axz = 9xZ = oxZ 2 dx2 = 9sZ  0xdsy) 3 9X? (3.24)
In order to evaluate eq. (3.24) we will find
0%y, 4 1 4 2
W=(3,84962+5,84s§+;,84xsx—§ﬁ’2)11’x (325)
0%y, 1 4 4 2
= (38422 + 542 + 3 p%xs, —252) ¥, (3.26)
% _ (2542 2542 ,5pa 152
o = (pta? + 242 + 2 4as, — 2 52) %, (3.27)

Then eq. (3.24) gives

h2KZ
2M

Y

h? (azyvx 2%y, 92w,

2m \ 9x? 0x2 dx2

h? [2
) = -0 [§ﬁ4(x2 + %+ x8y) — 2,82] Y, +
where M = 3m. The first part gives the internal kinetic energy of the nucleons and

the last term gives the kinetic energy of the CM. Thus

2 2172
(T) = (%] {—j—m[§ﬁ4<xz +57 +x5) — 207 + K"} 1)

2M
Since
2 - s
fe_ Zp2(x2 +s,%+xsx)dsxdx =f(p*) = |A2| - TE
X

and
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_3df(BH
T2 dp?

2

After some algebra, the kinetic energy can be expressed as

hzﬁz thf
2M

(Ty) = ——

Adding the kinetic energy from the y and z components of the wave function we get

for the total Kinetic energy:

3 hZﬁZ h2K2

(r) =2

2 m 2M

(3.28)

Now let us evaluate (¥|v,,|¥), (W|vi3|¥), (P|v,5|W) and (W]v,,5|¥) to find

the potential energy contribution.

('x”|v12 |ql) = — -]- q,*to(]. + xopo-(lz))é‘(Fl - Fz)llu d3T'1d37”2d3T'3

but it is clear from (3.16) that the two protons form a singlet state, thus the operator
P, gives —1 and so
rz 2

(Plv,|¥) = _(1_xo)tozﬂ%ﬁ(%ffe‘ﬁz[?%@ r)z](s(r)dsr(ﬁ d3R

1 B 6 _2p22
=—(1—x _< ) fe 3ﬁ5d3s
( 0)271/2 ,_T[

1
= 2\/_7T3/2'B ( xo)to

Using the same procedure, we can evaluate (¥|v,3|¥) and (¥|v,3|¥). From (3.18)

we note that a neutron-proton pair is 3/4 of the time in a triplet state and 1/4 of the
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time in a singlet state. When the operator P, acts on the triplet wave function we get

+1 and on a singlet state we get —1 so

1 3 1
(Plosal¥) = (Floss|¥) =~ <Z(1 +xg)+5(1- xo))
1 1 X
=t (1+3)
(Pogz|W) + (Ploss|9) + (Wloys W) = — Lo g3 (3.29)

For the three-body Skyrme interaction

(Wlvy23|¥) = flp*t35(?1 —7,)8(7, — 73)9” d3r1d31‘2d31‘3

o\ 2

- — (ﬁ)ﬁfe‘ﬁz[rz—z“‘%(ﬂ%) ]6(?)6(—(F+§))d3rd3sd3R

271213 W
2 5. 2
1 B 6 —Bz[%+§<—1?+%)]
e () s
3 271/2 \/E ( )
_ t3 36
= (3.30)
Thus,
h2K? = 3 h%pB? 3t 1t
Eotat = S0 ¥ 5 ~ 7wl T bl = P b Eme  (33D)

22
where the term hz—z represents the kinetic energy of the nucleus itself which does not

contribute to the internal energy of the nucleus. Thus the binding energy of *He
nucleus can be written as

3 thz 3 1t

B(B) = —Eint = — 5+ == f* — =2 (3.32)
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Now, let us evaluate B by using the experimental value of the rms radius of the
*He nucleus which is 1.76 fm (see Table 3). We will use the wave function of the

individual nucleon as the radius is similar for the three nucleons, so

(r?) = f WO

3
1.76% = 47 (%) [rte Frigr =22

2 B2
= B =0.696 fm™?!
Note that E;,,;(8) has the general form:

Eine(B) = a B? — ctof> + gt; B°

where
_3h* _ 2 _3 1 _ _ 11 _ -3
a—Zm—61.9Merm = SR 0.19, and g = s 6.2 X 107°.

Also note that ¢ and g are dimensionless.

Now we want to find the values of t, and t; which satisfy the following two
conditions: the first condition is that in the ground state the energy is —B, = —7.718
MeV thus

a B? — ctof® + gtsB°lp=0696 = — Bo (3.33)
and the second one is the equilibrium condition which means that the energy is
minimum (the binding energy is maximum) at this S so we have

aEint — 0
98 lg=0.696

thus



a(2B) — c(38%)ty + 9(6ﬁ5)t3|/3=0.696 =0

By solving these two equations (3.33) and (3.34) we get:

4a 1 2By 1 1 By 1
== 0~ and t; =——+—2—

Tt ST

After substituting the values of a , ¢, g and B, in (3.35) we get

t, = 865 MeV fm?and t; = 25152 MeV fmS.

43

(3.34)

(3.35)

(3.36)

In Fig. (3.1) the energy of the *He nucleus is plotted as a function of 3. It is clear that

at § = 0.696 the energy has its minimum (-7.718 MeV).

_E L L L L

0.55 0.6 0.65 0.7 0.75
B (1/fm)

Fig. 3.1. The energy of *He nucleus as a function of 8



44

CHAPTER 4. MEDIUM DEPENDENCE OF THE BINDING

ENERGY

In the previous chapter we derived the formula of the binding energy of the *He
nucleus when it is alone. Now let us consider *He nuclei moving in a hot low-density
vapor of protons and neutrons which is the problem of our research. We will assume

thermal and chemical equilibrium between the ®He nuclei and the surrounding vapor.

4.1 WAVE FUNCTION OF *He ~NEUTRON SYSTEM:

For simplicity, let us at first derive the wave function of a system composed only of
one *He nucleus and one neutron confined in a cubical box of length L. We will treat

this neutron as a free particle and so its wave function can be written as

L3/2
where k is the wave vector of the free neutron and 7, IS its position vector. In eq. (4.1)
we assumed that the neutron has one value of linear momentum for simplicity. But as
we mentioned above there is thermal equilibrium between °He nuclei and the
surrounding vapor which means that we must take the thermal average over all values
of momentum as we will see in the next chapter. Now, using the same change of
variables as in eq. (3.14) the space part of wave function of this system can be written

as

2.2
1 ﬁ 3 _ﬂ_r_+Z(7- _7)’)2 == 1 -
lpspace(1234) = W(ﬁ) e 2 [2 373 ]elK.R =7 eikTs (4.2)
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where 7 =7, — 7, p = ”zﬂ andR = , SO We can rewrite the wave function in

eq. (4.2) to be

3 4% 2. BE K. o
lnbspace(1234‘) = —271}4L3 (%) e 4 eELer_ ?(r3 - P 6’13'T3€lk'r4 (43)
But the total wave function,
Yiota1(1234) = Ygpace (1234) i (1234) (4.4)

must be anti-symmetric under the exchange of any two identical nucleons as all the
nucleons (nucleons within *He nucleus and the free neutron) are fermions. To be

more clear let us write the wave function as

llutotal (1234) = lpspace (12)¢spin(12)l/)space (34)lpspin(34) (4-5)

The total wave function of the two protons must be anti-symmetric. It is clear
from eq. (4.2) that the space part of the wave function of the two protons is
symmetric. This means that, for the total wave function of the two protons to be anti-
symmetric, the spin part of the wave function of them must be anti-symmetric (singlet

state) and thus
Yspin(12) = Poo(12) = = (1, (Dx-(2) — x-(Dx+ ()} (4.6)

Also, the total wave function of the two neutrons (the neutron confined in the

*He nucleus and the free one) must be also anti-symmetric. Here we have two cases:
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the first one is that when the space part of the wave function of the two neutrons is

symmetric, and its spin part is then anti-symmetric, and is given by
Yepin(34) = Yoo (3D = Z - —x-Bxs (@} (4.7)

The second case is that when the space part of the two neutrons is anti-
symmetric, the spin part of them must be symmetric. Thus, in this case we have

triplet symmetric states of the spin wave function of the two neutrons

Y1034 = S - @) + x-Bx (1)} (4.82)
MEDEPROIAC) (48.b)
N EOES RO AC) (48.)

Now after the above discussion we can conclude that the total wave function can

be written as

Wiorar(1234) = f Yenaee (123, A2)PEEL, (34)YL 1, (34)

+ \/7 lpssggée (12)lp§pin(12)lpgg$e (34)¢§pm(34) (49)
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—

3 N 3_ﬁ2r2 2R3 _3_2*_—>2 Ko -,
Fon 1802 j; ) ¢ el e e

- L - 52 K | s t
—e 34 e 3 4-el .3 ¢Spln(12)¢spln(34)

! 3 2,2 . 2 K
+ l N ﬁ e B4r e%iK'ﬁ e_%% - ﬁ)zeig'%ei%'ﬁ*
427413\

B ap Er s
t e 507D e‘z“e”"rS}zpfpin(12)¢§pin(34) (4.10)

where 13,;, denotes the singlet symmetric spin state and ¢,;, the triplet anti-
symmetric spin state. Note that the minus sign in the first part of the total wave
function makes the space wave function anti-symmetric in the two neutrons (particles
3 and 4) while the plus sign in the second part makes it symmetric in the two
neutrons. Also in eq. (4.10) N and N’ are the normalization constants for the
symmetric and antisymmetric space wave functions of the two neutrons (note that the

spin part is already normalized). After applying the normalization condition we get

N = — (4.11)
(-
- ()
, 1
N’ = = (4.12)
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2

3 3 (K -
The term (%) e_W(E_k) can be neglected as it is very small. This is

because the size of the box (L) is much larger than the size of the *He nucleus which
is of the order of few femtometers. To be more clear let us calculate the maximum
value of this term. If we consider a box of edge L = 30 fm and using the value of
f = 0.696 fm~1 which was found in the previous chapter the maximum value of this

term will be 8.99 x 1073 which is « 1. Thus, we get

N=N'

IR

ik

(4.13)

4.2 BINDING ENERGY OF *He ~NEUTRON SYSTEM:

Now let us find the binding energy of a ®*He nucleus when it is immersed in a vapor

of nucleons. The Hamiltonian of the *He-neutron system can be written as

_hZ _hZ
H = Z?:l%viz Tt Vi + Vg3 + Vo3 + Vi3 + EVAI-Z-F Vig + Vo4 + V3q + Vyps +

Vi34 + V34 (4.14)

—h2 _K2
where Y3 Mz and 2 VZ represent the kinetic energies of the four nucleons. The
=15y "1 2m

terms vy,, V13, V,3 and v,,3 represent the two-body interactions and the three-body
interactions between the bound nucleons while the terms vy4, Vo4, V34, V124, V134,
and v,3, represent the two-body interactions and the three-body interactions between
the free neutron and the nucleons bound in the *He nucleus. We will use the Skyrme

interactions defined in eq. (2.14) to represent these terms.
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As we have shown in chapter 3, the Hamiltonian of the *He nucleus can be
separated into the Hamiltonian of the center-of-mass H., and the internal
Hamiltonian H,,, which stands for the motion of the nucleons within the *He nucleus
(this is clear in eqg. (3.7)). This means that the Hamiltonian of the system can be

written as

—h2
H = H;;,; (123) + Hp (123) + %\742 +

Vig + Vog + V34 + Vg + Vi34 + Vp34 (4.15.a)

Or

_le
= H;: (124) + H() (124) + P Vi +

V13 + Va3 + Vy3 + Vip3 + Vi3 + Vo3 (4.15.0)
Egs. (4.15.a) and (4.15.b) are equivalent. The only difference between them is the
exchange between the two neutrons (particle 3 and particle 4) which reflects the
indistinguishability between these two particles.
The expectation value of the Hamiltonian gives the total energy of the *He-
neutron system:

Etotar = <l1Utotal|H|l1Ut0tal) (4-16)

—h?2
= (Yeota|Hine + Hey + P VE+ Vig + Vag + Vag + Vigg + Vi3a + V234 |%Protar)

—h?
= (q]totallHintll’Utotal) + <Wtotal|HCM|Wtotal) + (llutotall % ‘74-2|Wtotal>

HPeotarl V1a + Vaa + V34 + Vi2s + Vi3a + V234 Protar) (4.17)
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But as motioned above the total wave function has two parts: symmetric and anti-
symmetric as we can see from eq. (4.9). These two parts results from the exchange of
the two identical neutrons (particle 3 and particle 4). This means that when we want
to evaluate eq. (4.17) we must be careful to use the two forms of the Hamiltonian as it
is defined in eqgs. (4.15.a) and (4.15.b) to stand for this exchange. In the last term of
eq. (4.17) we wrote vy4, Va4, Vg, Viza, Vi3s, @Nd v,34, but as we will see below
these terms will be v;3, Va3, V43, V123, V143, aNd v,43 When we exchange the two
neutrons in the wave function. We will show this explicitly in evaluating each term in
eq. (4.17) below. The first three terms in the above equation can be evaluated using
the same procedure. Here we will evaluate the first one explicitly
<Hint> = (q,totallHintlllutotal)

Using eq. (4.9) we get
(Hine) = f Wspace (12)W3im (12)P&tk B 5y (34)
+f Wspace (12)W3pin (12)Yspace BOWspin (34) | Hine |
ﬁwiza”ée(lz)w:pm(lz)w?;;ée(34)¢§pin(34)

+\/§ space (12)W5pin(12)¥5pace BHP5pin (39))
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3 \ N
(Hine) = 7 Wspace 12)W5pin (12D ace BHW5pi (34) | Hine
syace (125, (12)P&ut, (34)9L,;,(34))
1 N N
+ Z (lpssggée (12)lp§pin(12)¢gggée (34)1/’:pin(34‘) |Hint I

:ggée (12)lp§pin(12)lpssggée (34)¢§pin(34‘))

V3 . :
+ = Wspace (12)W5im (12)%55 it (34 Pgpin (34) | Hine|

l/)ssggée (12)lp§pin(12)¢;ggée (34)1/}5}0171(34))

\/§ * *
+ = Wspace A2W5pin (12)¥5pace B Y5pin (34)  Hine|

Yepace (12)W5pin(12)Yeite BHY i (34))
We can notice that the last two terms will vanish because we have orthogonal
states; both the space parts and the spin parts of the bra and ket wave functions are

orthogonal to each other. Thus, we need to evaluate the first two integrals only
(i) = 2 QOS2 (120 i (1200555 (B (3) Hi
Yopace 125 (12)Y&G et B4 (39)
O (L2 2P (3OS (3 Hirel

;ggze(12)¢§pin(12)¢;ggz‘e(34)¢§pin(34)) (418)
Since the spin wave functions are normalized we are left with evaluating the space

integrals, and so eq. (4.18) will be
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3 * 5
(Hin) =5 [ 03208 12V BB
space (12)Y5et. 30 d*rd®pd®rsd®r,

1 * *
+ 5 [ ey ace (12)¥0ce GO Hiny
ssz))]crlrée(12)¢:z})lgée(34)d3rd3pd3r3d3r4 (419)
It is clear that the first integral in the above equation contains the anti-symmetric

space wave function of the two neutrons while the second one contains the symmetric

space wave function of the two neutrons. Let us now evaluate the first integral which

gives

2 6 2,2 -
3N (ﬁ) Je_ﬁ4r e 5K, -Ea- 9 ‘Kr3e_lkT4H (123)
42718 \Vrr "

B?
. e_T( P) T3elkr4d3rd3pd3r d37'4

B 25 (F—*)Z LA
+je 4 e 3 PeT 3T P g3 eIk . (124)

_ﬁ_(r ) Kr
P FTa™P 4 lkr3d3rd3pd3r d37"4_

Po ?( P) T4 lkr3d3rd3pd3r d37"4_

2.2 B°
Zikp -5
o~ a1 e3KP- TP, r3 lk1"4d3rd3pd3r d3r4}
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Note from the above equation that we used both H;,;(123) and H;,;(124) to fit
the exchange between the two neutrons in the wave function. But we know that the
when the Hamiltonian operator H;,,;(123) or H;,;(124) acts on the wave function it

gives — B, thus we get

3 NZ 6 ﬁzrz 2 L
= AT (%) By U e” 2 e SO drd pd’rad’r,

ﬂzrz 2 2,5
+ f e 2 e 0P’ 3 d3pddrdir,

2.2 2 (K- %) @r
~ f e e_%[(fg-ﬁ)u(a—ﬁ)z]e‘(?_k)'(r4_r3)d3rd3pd3r3d3r4

2.2 2 'K—H r3—T.
—fe_ £ e_%[(P3—ﬁ)2+(F4—ﬁ)2]el<3 k)'(rg r4)d3rd3pd3r3d3r4

Here we can see that the first two integrals are equal and the last two integrals are

equal, and so we have

3 ZNZ 6 _B2r2 2 L
N7 (%) BOU e” 2 e T Prdpd’rad’r,

2 , =\, o
—fe e"%[(?3_@2“?4_3)2](31(%_k)'(r“_r3)d3rd3pd3r3d3r4}

By evaluating the above two integrals we get

3 2N2 (BNS v\ 1) 3
izl w7 () i
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The second integral for the symmetric space wave function part in eq. (4.19) can
be evaluated using the same procedure, and the result will be similar except for a plus

sign instead of the minus sign so eq. (4.19) can be written as
3 1
(Hine) = _ZBO —ZBO = —B,

272
Using the same technique for the second two terms we get (H¢y) = hz—;; and

hZ o hZk2

(__m‘74) =

2 2m

Thus, eq. (4.17) will be

h?K? h2k?
+

=Bt ot on

+ (Protarl V1a + V24 + V34| Protar)

HWtotar|Vi24 + V132 + V234 Protar) (4.20)

where B, represents the binding energy of an isolated *He nucleus (see Table 3). The

terms — and
2M

h2K2 h2k? I , 3
5— represent the kinetic energies of the “He nucleus and the free

neutron respectively. The terms (Wiotarl V14 + Vas + V34| Ptorar) AN (ProtarlVi2a +
Vi34 + Vo34 |Wrorar) Stand for the potential energy contribution which results from the
two- and three-body interactions between the free neutron and the bound nucleons
inside the *He nucleus. Again we will use the Skyrme interaction to represent these

interactions.

(l’Utotall Vig T Uy + v34|lptotal) = <Wtotal|v14|llutotal> + (l‘Utotal |v24|l‘Utotal)

HPotatlV3alPeotar) (4.21)

The first term is
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(v14) = (Peorarlv1alPeotar)

Using the same procedure in deriving eq. (4.18) we get

3 i -
(v1a) = 7 bspace 12)P5pim (12)¥5ace BN Vspin 34| V4l

lp;g(ﬁe(lz)lp:pin(lz)lpgﬁéée (34)lp§pin(34)>
1
+ 7 (Wepaee (12)W5pin (12)Y5paee (B3, (34| V14
lpssgcﬁe(lz)lpgpin(lz)lpssggée (34)lpgpin(34)>
— 3 symx* s antix* t 7 7
- Z<1/)space(12)1/)spin(12)¢space(34)¢spin(34)|_t0(1 + x0P0(14))6(r1 - 1"4)'

¢§g$e (12)lp§pin(12)¢gz§latée (34)w§pin(34))

symsx

1 * - -
+ 7 Wspace (12)15in (12)Wpace BN Y35 3| —to (1 + 20 P (14))6 (7, — 7))

svace 12)W3pin(12)Y5ace 34 pin (34))
P,(14) here exchanges the spins of the first proton (particle 1) and the free neutron
(particle 4) which may interact via the triplet or singlet interaction. The probability of
this interaction to be in a triplet state is 3/4 and the probability of it being in a singlet

state is 1/4. Thus, the operator P,(14) will give

3 1
7 +x) +7(1—x) = (1+%)

Since the spin wave functions are normalized we are left with evaluating the space

integrals, and so (v,,) will be



56

3 X . i 5
) = =30 (1+3) [ W2 GG —7)
space 12Wiiee B rd’pdPryd’r,
1 Xo symsx syms S( -7
- Z to (1 + _) lps;oace(:I-Z)lpspace(:g‘l’) (T'l—T'4)
Yspace (12)Pgpace B’ rd?pdPrsd®r, (4.22)

By evaluating the first integral in which the space wave function of the two neutrons

IS antisymmetric we get

3 xoy N2 6 B _2ips B e Ko o
~3h (1+3) (ﬁ) {f e” 3 e 3KPeT TP om 5T - ks (7 — 7))

2.2
e~ @ eglK-Pe ?(m P) T4 lkr3d37'd3pd31' d3T'4_

2.2 >
e~ & eglK-Pe—?(m P2 e 37”4 lkr3d37'd3pd31' d3T'4_

—

2.2 B%. -
- SiIkp -5 Txs
e~ 1 e3KPem TP, 3T3elk'r4d3rd3pd3r3d3r4}
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The use of the two forms of the Hamiltonian: H(123) and H(124) is clear in the
above equation. As we can see in the first integral we used §(7; — 73,) which results
from the use of the H(123), while in the second integral we used &§(#; — 73) which
results from the use of the H(124). This is because in the second integral we
exchanged particle 3 and particle 4 (the two neutrons). The same thing can be said

about the last two integrals.

=2t (1+2) rLe( ) {f o e Wy S — 7)d3rd3pd3rydir,

'BZrZ 2 2,5 —
+ f e 2 e F TP 57 — R)d3rd3pd3rdir,

2 (R 2\ ys
e e Slo Gl (5 R)E s pansqr don,

20, L (K >\ .. o
_ e e Bl p G- P (3R G g fg)d3rd3pd3rgd3r4}

Again we can see that the first two integrals are equal and the last two integrals are

equal, and so we have

3 _Z ) LU
— =2t (1+2) () {1 e T - ywrdpdnan

—[e e [(T3 P+ =) ! ( )(r4 r3)5( — #)d3rd®pd3ry d3r4}

ﬁzrz 2275 -
The integral [e™ 2 e 3 Cs= P’ 57, — 7)dPrd3pd®rsdir, represents  the

interaction with the vapor (self-energy term). But when calculating the binding
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energy of a nucleus in a vapor we compare its energy with the energy of its nucleons
when they are unbound but still in the vapor. Thus, in our work when we do such a
comparison we notice that the interaction between the nucleons of *He nucleus with
the surrounding nucleons in the vapor is approximately similar before and after the
dissociation of the cluster. This means that the contribution from this term is very

small and so it can be removed, thus we get

-t (1+3) R (R)

2,2 20 L (K >\, o
{—fe_ﬁz e_ﬁ?[(“_p)2+(r4_p)2]el(?_k)'(r“_m) NG —F4)d3rd3pd3r3d3r4}

The second integral for the symmetric space wave function part in eq. (4.22) can
be evaluated using the same procedure, and the result will be similar except for a plus

sign instead of the minus sign and so

(V14) = (3N2 - le)%o(l + %) \/Z_;LG (\/%)6 X

2,2 2., .. (K 2\ o o
{fe_ﬁz e B?[(r3"p)2+(r4_p)2]el<?_k>'(r4_r3)6(171— 74)d3rd3pd3r3d3r4} (4.23)

(g_%)'(ﬁ‘_@. It is

Here we can notice the Pauli blocking effect in the term el
clear from this term that since the free neutron and the neutron confined within the
*He cluster cannot have the same momentum (Pauli principle) the presence of this

neutron around the ®He cluster will affect its binding energy. The integral in eq.

(4.23) can be evaluated as follows
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—

2..2 '32 L L .(5_%>_a_a
f e~ Fre Flo G2l 5 TH) BT s by i3ras padruddn,

1475

Butusing 7 =7, — 7, and g = ——— We get

B B oy -(E-E)f-*) 1
— e zr e~ ?[(T3—P)2+(T4—P)2]el 3 (=75 SI1=7+5— —>4 d3rd3pd3r3d3r4
2 p

By completing the square for the integral over # we get
2 K [ 3 (R k) 72 6i (R ®\['
o P A PGl P i G P

- [ o2 3
2 K 2\ - = 3 (K k
_ fe_,%(rg_ﬁ)zel(g—k)-(p—rs) e— ?<g—§> % 157‘[ d3pd3T'3

-\ 2 _ -
3 (K k 2 (K 2\, = o
(2 2 e fe—%@—mze%-k>-<p-r3>dsp]dsrg
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w
<

g 7
: 3 (R RY 3 (K 2 3
1 [12n -—2<———) -—2(—-%) 1
_ | = (== e 78 6 2 f e 4B 3 (_m) d3,r
By 7 B ’
: 3 5 (R ®) 3 (R -\
_ ;/g () I ) [an
RPN _%(K_ﬁ)z
=L ﬁ(ﬁ) e 723 (4.24)

By substituting eq. (4.24) in eq. (4.23) we obtain
_fanz ) Lo (14 %)) 1 (6} —sm(E-F
(v14) = (BN2 =N )st(”z){m(ﬁ) oS )} (4.25)
We will obtain the same result after evaluating the second term in eq. (4.21), thus
(V24) = (V14) (4.26)
Now let us evaluate (W;piq1 V34| Prorar) USiNg the same above technique

(v34) = (PeotarlvaalPeotar)
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= S (1200 (1200555 (3O 1 (38)] v
svace (12)W3pin (12)15 ke (30 Pipin (34))
O (L2 LD (B (3] v
D (125 (12D (34751 (3)
= = (Psee (12015 (12DYEELL (BN Epir |~ to(1 + %0 P (34)) 8 — 7))
Yapace (12)W5pin(12)YF BDYepin (34))
O (L2 LS B0 B o (1 + 0B (30))5 — )

Yepace (12)W5pin(12)¥5 ace BHY3pin 34))
Here we can see that the two neutrons (particle 3 and particle 4) are100% in the
triplet state in the first part and 100% in the singlet state in the second part, and so
the operator P;(34), which exchanges the spins of the two neutrons, will give +1 in

the first part and —1 in the second part. Thus, the term (v5,) will be
3 * [ * - =
= =St + 50) [ PP GG — )

Yspace (12)PGace B d°rd®pdrsd’r,

space
1 * * - -
—2to(1 = x0) [(WEem (1295t (396G - 72)
sraee (12)Wsraee 3D d3rd3 pd3rsd3r,

Similar to the above technique this equals to
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= (3N2(1 + x9) — N'?(1 — xO))%O\/%H (%)6 X

B B i( —%)(f—m o
fe 2 e 3PP F VS — FYd3rd3pd3rsdi,

This integral can be evaluated as in the case of (v,,) and so we have

to
213

(v34) = (3N2(1 + x0) = N'*(1 = x,) ) (4.27)

Now, we can rewrite eq. (4.21) in terms of egs. (4.26) and (4.27) to be
A w\) 1 /633 —%(K—%)z
(Protatl V14 + V24 + V34| WPiorar) = (3N -N )L—3(1 + ;) E(ﬁ) e 7B*\3

2
+ <3N2(1 +x0)—N (1- x0)> 2% (4.28)

Now, we want to find the terms which represent the three-body interactions

(Peotar|V12a + V134 + V234 ¥eotar) = (Protarl V124l Protar) + (Protar V1341 Protar)

HPotalV234Peotar) (4.29)

The first term is

(V124) = (Protar|V124|Peotar)
= %<¢§;”£’;(12)¢§pin(12)¢§;;%éz(34)¢§pm(34)| V124l
Wspace (12)V5pin (12D 3D P5pin (34))
+%<¢§,§ZZZ”;(12)¢§pm(12)¢5,¥£’;(34)¢;‘pm(34)| V14l

;ggée (12)¢§pin (12)1:[):532(3 (34)¢§pin (34)>

Using the same technique in deriving eq.(4.23) we get
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(ol L (BY
(V124>—(N 3N Zmlﬁ(ﬁ) X

2,.2 ﬁZ N . N . <K_%> S 2
fe—BTre—T[(m—p)sz—p)z] el 3 (4 rS)(U124)d31’d3pd3T3d3T4

Using the three-body Skyrme interaction as in eg. (2.14) we obtained

o 1 1 /B
(U124)— (N — 3N? E\/ﬁLﬁ (\/—E) X

ﬁzrz ﬁz 7. I 7 I i E_ k 7, _‘) — -l — ol
[e 7 e sl P+ 92,15~ Rpr) t36(F — T2)8(F — Fo)drd pd>r3dr,

2

3 (K
(V124) = (NIZ - 3N2)t—3iﬁ—38_432(§_k) (4.30)

2 L3 m3/2
Using the same procedure we can evaluate (v;34) and (v,34), and thus we have

6

' 1 1 B
(Vy34) = (V134) = (N > —3N? IV (ﬁ) X

BZZ BZ I L .<K_%>._,__)
je_ ZT e‘?[(r3—P)2+(T4—P)2]el 3 (s r3)(17134)d37'd3pd37'3d37'4

6

=(N'?% — 21 1 ﬁ
=(N'"-3N ZmL6<\/ﬁ>x

Bzrz BZ 7 D 7 s i 5— k Ty —T- — — —
fem z e S0P+ p)z]el(3 k)'(r“ ) t38(F1 — T3)8(Fs — F)d rd  pd°ryd’r,

Thus,

12 t3 1 B3
(V234) = (V134) = (N - BNZ)%E;:‘/Z (4.31)

By substituting egs. (4.30) and (4.31) in eq. (4.29) we get
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2
(Wrotat| V124 + V134 + Va3a|Protar) = (N - 3N2) -

+ (N’2 - 3N2) ts 1 6 (4.32)

The total energy of the 3He-neutron system can be written now by substituting

eqs. (4.28) and (4.32) in eq. (4.20) we get

— 2
h2K2  h2k? stos. x| 1 7633 -Lz(i-z)
E =—B 3N2 N2 (1+2 ( ) 7B2\3
total o+t am )L3( 2) NeTANZA

2 t
+ <3N2(1 +x)—-N (1- x0)>2—£3

— 2
3 3 (K =+
t;1 B ‘4—ﬁz<§"‘>

12 2
+(N'“ - 3N )7L3_n3/26
+(n _3N)EL_37T3/2

2172 21,2
As mentioned above the terms hz—; and hz—:l represents the kinetic energy of the *He

nucleus and the free neutron respectively, and so these terms do not contribute to the

binding energy of the system. Thus the binding energy of *He nucleus plus a free

neutron can be written as

- 2
5= s ()2 )

2 t
- <3N2(1 +x0)—N (1— xo)>2—L03
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— 2
3 3 (K 7
b1 f li-o)

[2
—(N" =3NS e
2 t3 1 B3
— (N _ 3N2) \/%L_3”3/2 (433)

In the derivation of eq. (4.33) we assumed that there is only one neutron around
the *He nucleus. We just use this assumption for simplicity, but our problem is to
show how the presence of a vapor of protons and neutrons will affect the binding
energy of the *He cluster. For very low vapor densities, the free nucleons can be
treated as an ideal gas and they do not interact with each other and so their effect on
the binding energy of the nucleus can be obtained by multiplying the above terms by
the number of nucleons. If we have n protons and neutrons (not only one neutron)

around the ®He nucleus, the density of this vapor of protons and neutrons will be
p = L”—B Now we can write the binding energy of ®He nucleus surrounded by a vapor

of protons and neutrons as
B=By—n(3N*-N")=(1+— —(—) 7
o= )L3( +2) 27\ €

12
—n <3N2(1 +x0)—-N (1- x@)%

— 2

3 3 (K =
t31 B ——Zl3-k
_ 12 _on2y3 - P 42(3 )
n(N 3N )2L37'[3/Ze B

—n(N? Z)t_si B’
n(N — 3N NAEPIE

But as mentioned above p = L% SO
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2 | 1 7633 —i@_z)z
B= By—p(3v-N 1+— —(—) S
o= )t°(+2) AN
2 12 tO
-p(3N* (L +x0) =N (1 —x0) |5
3 3 (K =
2 3 B 2\3
—p(N"* = 3N*) =73 ‘w( )
12 t 3
—p(N —31\/2)\/—%”’;2 (4.34)

By substituting N2 and N'*from eq. (4.13) in eq. (4.34) we get

2
= (D) )

Wl

2

3 1 to  ts B —AK-E
—p<7(1+xo)—§(1—xo))7°+p§%e 43( )

t; B°
Ry
V8w

Finally this formula can be written simply as:
1 x| 1 3 —%(g—ﬁ) 1 B3
B = Bo‘l‘p —(E+x0)t0—(1+—)—(—) toe 7B + t3+

3 (K 3
LY (4.35)

2 3/2
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We must now take the ensemble average of this quantity over all values of K

and k in order to get the expectation value of B. We will do this in the next chapter
by using the Fermi-Dirac statistics for the nucleons and the ®He nuclei. We will
assume thermal and chemical equilibrium and use the Nuclear Statistical Equilibrium
(NSE) model to relate the chemical potential of the ®He nuclei to the chemical

potential of the nucleons.
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CHAPTER 5. IDEAL FERMI GAS STATISTICS

As motioned in chapter 2 both protons and neutrons are fermions. A *He nucleus is
also a fermion as its spin is 1/2. Thus, we will use Fermi-Dirac statistics to describe
the momentum distribution of protons, neutrons and *He nuclei within the box. We
will assume that we have an ideal Fermi gas of nucleons in thermal and chemical

equilibrium with the *He nuclei.

5.1 IDEAL FERMI GAS

An ideal Fermi gas consists of non-interacting indistinguishable fermions which in
turn must obey the Pauli exclusion principle. For a Fermi system the average
occupancy number of a single-particle level with energy ¢ is give by the Fermi-Dirac

distribution function [45]

1
exp((e—W)/kpT)+1

fro(€) = (5.1)

where p is the chemical potential which is a function of density p and temperature T.
The Boltzmann constant k, = 1.380 x 10723J/K = 8.617 x 10711 (MeV/K).
From eq. (5.1) we can notice that the average occupancy number cannot be more than
1 or less than 0. We can also notice that the Fermi-Dirac distribution has a special
behavior at absolute zero (T = 0). At T = 0 the occupation is unity for all states with

€ < pand is zero for all states with € > . This means that the Fermi gas at absolute



69

zero can be described as a completely degenerate gas. The value of pat T =0 is

often called the Femi-energy &¢. Thus, at absolute zero eq. (5.1) will be

1 for e <egf

fe& = {0 for € > ¢ (5.2)

If we consider an ideal Fermi system of n non-interacting particles in a cubical
box of volume V = L3, such as a system of non-interacting nucleons which we will

use in our work, the total number of particles n of such a system is

1
exp((e;—p)/kpT)+1

n=gx (5.3)

where g is a weight factor arising from the internal structure of the particles (such as
the spin). For nucleons this factor represents the spin-isospin degeneracy factor and

so g = 4. For such a system the single particle energy is given by

h2k?
Ek =

(5.4)

2m
where m is the mass of the particle, and k is the wave number of the particle.

Talahmeh and Jagaman in their work [14] started from eq. (5.3) and derived the

general form of the equation of state at temperature T and number density p = % , of

an infinite system of non-interacting particles, which is

(1) = ko (1n (22) + iz, b, (222)) ©5)
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2
is called the thermal wavelength of the gas particles. Also in

2mh? )3/

where 13 = (
mkpT

eq. (5.5) the b,'s are the expansion coefficients that were obtained by using the
method of series inversion. From this equation one can notice easily the dependence

of the chemical potential upon density and temperature.

In our work we will use the first six b coefficients which were evaluated in [14]

using MATLAB. These coefficients are listed in Table 4 below

Table 4. Numerical values of the b coefficients for an ideal Fermi gas

n b,
n=1 0.3535533905933
n=2 —0.0049500897299
n=3 1.483857713 x 10~*
n=4 —4.4256301 x 107°
n=>5 1.006362 x 1077
n==6 —4.272 x 10710

Eq. (5.5) represents the general form of the equation of state of any ideal Fermi
gas. In our work we have an ideal Fermi gas of nucleons and an ideal Fermi gas of
*He nuclei. As mentioned in the previous chapter we will assume thermal and
chemical equilibrium and use the NSE model to relate the chemical potential of the
*He nuclei to the chemical potential of the nucleons. We will do this in the next

section.
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5.2 NUCLEAR STATISTICAL EQuILIBRIUM (NSE) MODEL

The Nuclear Statistical Equilibrium (NSE) model is one of the models used to derive
the equation of state of nuclear matter at the low density limit from a statistical point
of view. It ignores the in-medium effects which result in the dissolution of clusters
into their components. This means that this model fails at high densities where the

medium modifications are important [10, 12].

As we mentioned above, the main problem in our research is to study the
stability of ®He nuclei immersed in a hot low-density vapor of symmetric nuclear
matter of protons and neutrons. We can see now that the NSE model is convenient to

be used in our work.

The chemical potentials of the surrounding protons and neutron (w, and p,
respectively) are given by eq. (5.5). According to the NSE model there will be a
statistical and chemical equilibrium between clusters and the surrounding vapor of
protons and neutrons, and so the chemical potential of a cluster C can be written as

follows
We =Zpy + Nyy, (5.6)

But we assumed that the surrounding nuclear matter is symmetric. As a result of

this symmetry assumption w,, = u,, = p, and thus

He = Al (5.7
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where A = Z + N is the atomic number of the cluster. In view of eq. (5.7) it is easy
now to write the chemical potential of ®He cluster in terms of the chemical potential

of the vapor of nucleons
H3ge = 3k (5.8)

Now we must pay attention to the probability of finding a cluster C with energy

gc as it is slightly different from that of free nucleons. We will use the Fermi-Dirac
distribution function defined in eq. (5.1) but for the case of a cluster containing A

nucleons bound to each other, the binding energy of the cluster B, must be subtracted

from the energy &.. This is clear in eg. (5.9)

1
exp((ec—Bc—we)/kpT)+1

fro(Ec) = (5.9)

where B, is the density-dependent binding energy as given by eq. (4.35).

By making use of the above discussion in this section and the previous one we

can now find the ensemble average over all values of K and k and so the

expectation value of B as we will see in the next section.

5.3 ENSEMBLE AVERAGE OVER ALL VALUES OF K AND EAT T>0

It is known from statistical mechanics that the thermal average for any quantity X( p)

is given by the relation
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_ I x(p)f(p)ap
X)) = (5.10)

where f( p) is probability function and p represent the momentum.

In our work the probability function is the Fermi-Dirac distribution function (see
2

) ). We will

2
3

6 (K =
eq. 5.1). Let us now use eg. (5.10) to find ({W(T k) ) and (e_m(g_

K -
k

— 2

-

K
find the average for the general case of (e_a(? - k) ) where « is constant, then

w| x|

_%>2d31(d3k

afZew) 2(2) | [+(&) | fro 1 e
2(2) | [+(&) |1 frot rntir3 Kk

where the factor 2 and 4 are the degeneracy factors: the first one stands for the two

spin states of *He nucleus and the second one means there are two states of spin and

isospin of nucleon. The average will be

2

£y (5
(e~ af%- y = LI rp e a*Kd3k (5.11)
Il Frp ) frp(R)A3K A3k '
Let us find the integral in the numerator at first
I—( 2
§_%> 3 43
d°Kd>k

[| ot g

2 —
K 2 2K.k)

=f fFD(K)fFD(k)e_a<T+k "3 d3Kd3k
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— [ fo () e ([ fep e (= 50 gz k. (5.12)

Let

25

= ffFD(k)e_a(kz _EK'k)d3k (5.13)

Let K be in the z-direction and so it makes angle 6 with k (6 is the angle in the

spherical coordinates) which means that eq. (5.13) can be written as
2
] =2m j frp () k2e =K [ f e3%Kkcosf ging d@] dk
After evaluating the angular integral we get

J =3 [ke” a2 - 3k) _ ke-“(k2+§’<k)] fop (O dk (5.14)

aK

But we know that
— = T (- where |x| < 1 (5.15)

So by making use of eq. (5.15) the Fermi-Dirac distribution function can be written as

1
exp((ex — W) /kpT) +1

frp (k) =

_ exp(—(ex — W) /kpT)
exp(—(ex — W) /kpT) +1
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= > (=)™ exp(= (& — /Ky (T/n))

= Xna (D" (T/n), (5.16)

where

fi(T/n) = exp(— (& — w)/kp(T /1)) (5.17)
represents the classical Maxwell-Boltzmann distribution function.

Substituting eq. (5.17) in eq. (5.14) we get

f [ 2 - Zik) o a(k? +§Kk)] y

U (D = fir(T/2) + fi(T/3) = [ (T/4) + f(T/5) — -+ }dk

3”[[ a(k? - 2k) —a(k2+§Kk)_ £(T)dk

B 3_17: _ke—a(kz —%Kk) _ ke—a(kz +§Kk)_ £(T/2)dk
p i ]
22 [ [jee o -54) — gemelr+ )| fr/3)ak
_ 2_172 [ke_ a(kz _gKk) — ke~ a(kz +%Kk)] F(T/®)dk + }

Now we can write J as
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J = 2 S (=DM, (5.18)
where
Jn=[ [ke‘ a(i? = 3K1e) _ o (i +§’”‘)] £ (T/n)dk (5.19)

This integral can be evaluated as follows

I = j [ke—a(kz - 3Kk) _ g o= a(K? +§Kk)] o (~(Ek—0) /K (T/m) g
- [ke_ a(k2 ~2Kk) _ ke~ a(kz +§Kk)] o= 2K /2mIyT e/ kpT )
— eMi/kpT {f ke~ a(k? —%Kk)e— nh2k?/2mkpT ],
_ j ke~ a(k? +§Kk)e ~nh2k? /2mk,T dk}

- (a + n—hz)kz +2akk
— enuk/ka ke 2mkpT 3 dk

hZ
_jke—<a+2::lw)k2+§omkdk}

_ (2maka + nhz)[kz __ (4makpTK) ]
= e™Mk/kpT {f ke 2mkpT 3(2makyT +nh?)"| gk

2makyT +nh?\[, » (4makpTK)
- K2 + K
— | ke 2mk,T 32makpT +nh?)"] df
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Let a,, = ——————= and then completing the square with respect to k in both

2mkpT

integrals we get
a’K? aK 2 aK 2
Jn = e™/kpT g 9an {f ke_a"[k_ﬁ] dk—fke_a"[ker] dk}

Let us use the following change of variables:

u==k- :—K in the first integral and u = k + :—K in the second integral, so that

an an

aK

aZKZ kel o)
= — 3an _ 2 CZK _ 2
], = e™w/koT g 9an f u e Mdu+2.— | e M¥du
3an

Since the first integral between brackets is odd it will vanish and so we get

2K2
] — enUk/kaea;an zaKl £
n 3a, 2 |a,

a?K?
— enuk/kae 9an ﬂ -

In view of eq. (5.18), eq. (5.12) becomes
- Kye 5 |22 &K
~ [ oo™ S [ 0 =+ s = Sy 4 )

ak? 13
= 4nffFD(K)e_ T[é{h — Lt 3—Ja+ }] K?*dK

(5.20)
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_ ak?

12
i 91—t ]z —Js+ - }KdK

12 akK? akK?
i { f fro(K)e™ "9 JKdK — f fro(K)e™ "5 J,KdK

_ ak? _ak?
+ffFD(K)e g lstK—ffFD(K)e 9 ]4KdK+---}

= 2 e (D™ (5.21)

where

T = [ frp(K) e 5 JuKdK (5.22)

Now in order to evaluate the integral in eqg. (5.22) we will use the same

expansion for fzp(K) as in egs. (5.16) and (5.17), thus

K2 a?K? oK |1
frp(K) e %79 [e”“k/kae 9an

KdK

an .| An

_ aenuk/kaf{f K2e (‘; 90:171) {fx(T) — fx(T/2) +

3an
fie(T/3) = fu(T/4) + f(T/5) — - }dK}

where fx (T /n) can be defined as in eq. (5.17)

fi(T/n) = exp(— (ex — sy )/ (T /1))
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Since fi here represents the Fermi-Dirac distribution function of the *He nuclei we

must subtract the binding energy of *He cluster from &, as we did in eq. (5.9). Thus

fx(T/n) = eXp(— (5K — Bsy, — M3He)/kb(T/n))

Now, the integral J,, will be

, Tll.Lk/ka ,
In = WT\/:%ZrFLs:l(_l)rHl]ns (5-23)

where

a az

Jns = [K%e (E‘W)Ksz(T/s)dK

a a? sh?

= (esmHe/ka) (eSB3He/ka) f K?e (5 "9, * 6mka)K2KdK

_ (esusHe/ka) (eSB3He/ka) nt/2 ( 18mk,Tay )3/2 (5.24)

4 \2makpT(an — a)+s(Banh?)
Now let us evaluate the denominator in eq. (5.11)
I feo O fep () d*Kdke = [ frp (K) d*K [ frp (k) d°ke (5.25)

Again we will use egs. (5.16) and (5.17) to evaluate the two integrals [ fzp (k) d3k

and [ frp(K) d3K. The first integral gives

[ fep(k) @3k = [ fi (Md3k — [ i (T/2)d%k + [ fi,(T/3)d%k



- [ frro@ic+ -
= 2n=1(_1)n+11n
where
L, = ffk(T/n)d3k = enPlk/kafe_ %d?}k
= 4 (emHk/koT) %/2 (Zfzng)” 2
similarly
f fro(K) d°K = f fx(T)d3K — f fx(T/2)d*K + f fx(T/3)d3K
— [ /@i
= Zn=1(_1)n+1 E,
where

nh2K?

E, = ]fK(T/n)d3K — (e””3ae/ka) (enB3He/ka) f " IMT 3K

=41 (enuSHe/ka) (enBSHe/ka) /2 (ZMka)3/2
4 nh?

But M = 3m so that
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(5.26)

(5.27)

(5.28)

(5.29)
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Fn =4r (enu3He/ka) (entHe/ka) %/2 (%)3/2 (5.30)

Now we can evaluate the average in eg. (5.11) as

1272

o o(%-%) - A
LI+ 13-4+ H{F —F+F3—Fy+-}

(5.31)

This is the general form of the average, but in our work we have two values of a (see

eq. 4.35):

__ 6
_7ﬁ2

3

7 fm? (5.32)

a fm? and a, =

In our work and after checking the convergence in the binding energy we will

use only the first seven terms from egs. (5.23) and (5.31) in evaluating the averages

2

) ) (see Fig 5.2). While checking the convergence of

- 2
6(K—>

e 7757 y and (o~ 725

3k
the binding energy we divided the last term of egs. (5.23) and (5.31) by factor of two

in order to reduce the effect of the alternating sign appeared in these equations. The

results will be presented in Chapter 6.

5.4 ENSEMBLE AVERAGE OVER ALL VALUESOF KANDKATT = 0

In this case the Fermi-Dirac distribution function which we will use is that defined in
eq. (5.2). We will use the same procedure as in the previous section. Let us start from

eg. (5.11). In the case of T = 0 we get in the numerator
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w| x|

f f fFD(K>fFD(k)e_“< %) g

- ff o~ oll5 + - 3RE) oy o

ak? ==
-5 fe a(k? ‘§’<-")d3k] d3K (5.33)

= (e 5

Let

(= fe‘“(kz - 3KE) g3 (5.34)

Using the same procedure as in deriving eq. (5.14) from eq. (5.13) we get

211'11'kf

5 2
7= M e~(k? = 5KIccos0)y 2 i1 g akdode

9=060=0k=0

kg kr
2_2 2. 2
aK
k=0 k=0

By completing the square with respect to k in the above two integrals we get

kg kf
2 2 2
_ 37 fke_“(k_g) dk — fke_“('”g) dk
k=0

k=0

Let us use the following change of variables:
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u==k —g in the first integral and u = k + g in the second integral, so that

K
P T AP “”zdk}l (5.35)

Recalling that

But
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where erf(x\/E) is the error function, see [64]. Thus, the above equation will be

= 3m TZ e_a(kf-l_g)Z

_ ool —92] +

L) 5 fert (Va [k, - ) + erf(va [k + X)) (5.36)

a

In view of eq. (5.36), eq. (5.33) will be

2

2 rK 2
O [t el e
as Jo

2 (5)3/2 I3 K2 [ext (Va |k, = 5]) + exf(Va |k +5])|ax  (5.37)

a

Let us use the Taylor expansion of the error function [46]

erf(x)=i(x—x—3+———+——x11 +) (5.38)

3 10 42 216 1320

We will use only the first six terms from eq. (5.38) in eq. (5.37) as this will give us
convergence in the binding energy versus density curve as we will see below. Now
eq. (5.37) will be

67.[2 Kf

2 2
— K [e_a(kar%) — e_“(kf_g) ldK +
a= Jo

2 (2)3/2% I N [ (), (el ) (el -2




85

(ol )"l )" o

i+ 5 (el + 5

(e +5]), (el #8]) (velir+5])”

3 3
42 216 1320

dK

2 rK 2 2
= [ emeler®) - el e
0

o [("f -5+ (ky + §)”] dK (5.39)

The first term in eq. (5.39) can be evaluated as in eq. (5.35) and so we get

()" for (- ) ()
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87-[20(2- ng 21 Kf5+§k3£+ik£
5 '817 7 7297 9

sm?ad| K 36 _K;° 126k5Kﬂ4_84k3Kf 9 k}g“
5 8 7 7 7297 9 65617 11

8n2a4[ 1 K L5509 K}5+_330 S K7 462 SK} 165 LK
- 9 %

1320 3 9k 5ttt Ttk o Teser™ 11
11 K3
59049 1 13 (5.40)

From eq. (5.4) we can see that the Fermi momentum can be written as

In view of eq. (5.8) u sy, = 3, and by making use of the fact that iy = e at T = 0

and M = 3m we getthat K, = 3k, so that eq. (5.40)

27m? 2 y\5/ 336
— —4ak
=~ |em et —1] - 27 () kﬁﬁ@f%ﬂ+7}—h-—jrnkf
+wn’2 kf8 77952 2 Zk 10 2967552 2 3k 12 _ 27168768 2 4k 14 (541)
35 1470 83160 1321320

But to find the average we want to evaluate eq. (5.11) and so the integral

IJ frp (K) fep (k)d*Kd3k must be evaluated at T = 0 which gives

fffFD(K)fFD(k)dnggk =fpr(K)d3Kfpr(k)d3k
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Kr

ky
=(4n)2f szKf k2dK
0 0

— (47)? Kf kf

= 48n2k° (5.42)

Now the average at T = 0 can be obtained by substituting egs. (5.41) and (5.42) in

eg. (5.11), and thus

— 2
K -
~a(5-%) 9 1 .. 9 m\/2 1
= — J— f — _— | — —_
(e ) s kf6 [e 1] e (aS) kfs erf(2vVaky)
151 1 144 4022436 o4 4 7728 346 _ 70752 4 8
10 aks? + 05 T e Tk T s T T iesies & Ks (5.43)

Again we will use eq.(5.43) to find the averages for both values of a (see eq. 5.32).

In terms of egs. (5.31) and (5.43) the expectation value of the binding energy in

eq. (4.35) will be

2

(B) = Byt p— (24 x0) t0— (14 2) (&) toe 7 F) )4 L

2

LB (e ~(5F) ) (5.44)

2 71-3/2

It is clear from eq. (5.44) that the expectation value of the binding energy of >He

nuclei is a function of the number density p of the surrounding vapor. But we can
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notice from egs. (5.31) and (5.43) that the average over all values of Kand k depends
on the binding energy. This means that in order to calculate the expectation value of
the binding energy many iterative operations are performed to achieve self
consistency. In our work we stopped the iteration process when the difference

between two successive values of the binding energy is < 0.0001 MeV.

We used MATLAB to evaluate the eq. (5.44) which shows the expectation value
of the binding energy as a function of the number density p at different temperatures.

This is what we will show in the next chapter.

The convergence in the binding energy at T = 0 when we used just the first six

terms from eq. (5.38) can be seen in Fig. 5.1 below

8 T T T T T T T 8 T T T T T

0 =034 — Present work, 3 terms 0= 047 Present work, 3 terms

7L — Present work, 4 terms | 7t : Present work, 4 terms |

— Present work, 5 terms Present work, 5 terms
Present work, 6 terms ||

— Present work, 6 terms ||

B (MeV)

P (im-3) «10° P (fm-3) x10°

Fig. 5.1. The convergence in the binding energy of *He nucleus at T = 0 MeVl/ when we used the
first six terms of the Taylor expansion of the Error function
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Fig. 5.2. The convergence in the binding energy of *He at T = 5 MeV when we used the first seven
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CHAPTER 6. RESULTS AND CONCLUSIONS

In this chapter we calculate the effect of the presence of nucleons in the surrounding
vapor on the binding energy of hot *He nuclei moving in a hot low-density medium
of symmetric nuclear matter. Including the CM momentum of *He nuclei is the main

significant difference between this study and the study proposed by Typel et. al. [12].

6.1 BINDING ENERGY DEPENDENCE ON DENSITY AND TEMPERATURE

In the previous chapter we derived the expectation value of the binding energy of a
system composed of ®He nuclei moving in a hot low-density symmetric nuclear
matter of protons and neutrons (see eq. 5.44). From this equation we can see that the
binding energy is a function of the number density p of the surrounding medium. The

temperature-dependence of the binding energy is included in the terms

2 2

) ) as it is clear in eq. (5.31) and eq. (5.43). We can

6(?—»

e 76 y and (o 25

3k
also see that the expectation value of the binding energy depends on the Skyrme
parameters t,, ts;, and x,. The values of the first two parameters (t, and t3) were
found in chapter three (see eg. 3.36). The value of the parameter x, cannot be

uniquely determined and so we will allow it to take different values. Here is a list of

the values of x, which were used in several works in Table 5
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Table 5. Different values of x,

xq value Reference
0.00 [2]
0.20 [2]
0.34 [16]
0.47 [14]
0.50 [2]
0.56 [16]
0.75 [14]

We will use just two values from the above table in our work. These two values,
which are used in [14, 16], are 0.34 and 0.47. The temperature-dependence of the
binding energy at the two different values of x, is shown in Figs. (6.1) and (6.2)

below

T=0 MeV
T=5MeV ||
T =10 MeV
T =15 MeV
T =20 MeV ]

B (MeV)

1 1 1 1 1 1 1 1 1
0 0.002 0004 0006 0.008 o001 0012 0014 0016 0018 0.02
£ (fm-3)

Fig. 6.1. The binding energy of *He nucleus in a hot low-density medium of symmetric nuclear
matter at different temperatures at x, = 0.34.
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T =20 MeV [

B (MeV)

U 1 1 1 1 1 ! 1 1
0 0002 0004 0006 0008 001 0012 0014 0016 0015 0.02
P (fm-3)

Fig. 6.2. The binding energy of *He nucleus in a hot low-density medium of symmetric nuclear
matter at different temperatures at x, = 0.47.

From the above two figures we can also notice that regardless the value of x, as
the temperature increases the cluster can survive up to higher densities. This result is

expected as the Pauli blocking effect is less effective at higher temperatures.

Let us now compare our results with those of Typel et. al. at each temperature

separately. We will show this in the following figures. We will discuss two cases: the
case in which the cluster has a momentum (K = 0) and the case when the cluster is
atrest (K = 0). In the second case our results are different from those of Typel et. al.

as we will see below.
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Fig. 6.3. Binding energy versus density at T = 0 MeV
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Fig. 6.4. Binding energy versus density at T =5 MeV
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Fig. 6.6. Binding energy versus density at T = 15 MeV
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Fig. 6.7. Binding energy versus density at T = 20 MeV

From the above Figs. (6.3 - 6.7) we can conclude the following:

a.

Regardless of the temperature, when the ®He nuclei are moving within the
surrounding medium (have momentum K+ 0) they can survive to higher
densities than that if they are at rest (K = 0). This is because when

(K # 0) the Pauli blocking effect, which is the main reason for the
cluster dissociation, is less effective.

Another important conclusion on the above figures is that there is a
significant difference between our results when we considered the case in
which the *He clusters are at rest and that of Typel. This because in our

work we used some approximations which are different from those in
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Typel, for example we assumed that the wave function of the *He cluster
will not change when it is immersed within the medium. We used this
assumption to simplify our calculations. Another difference is that we
ignored the Coulomb effects which were considered in Typel. We also
neglect the self-energy of the cluster. Typel et. al. in their work added
non-linear terms to the binding energy but we considered just only the
linear term. This is clear in Table 7 below.

c. The Skyrme parameter x, has also a small effect on the Mott density as
we can see. As this parameter cannot be uniquely determined we may
have more than one value of the Mott density of *He nuclei at the same
temperature. The values of the Mott density of the ®He nuclei which we

obtained in our work are summarized in Table 6

Table 6. Values of the Mott density of *He nuclei obtained in the present work at
different temperatures and different values of x,

Xo = 0.34 Xo = 0.47
Temperature T
(MeV) Mott density at K # 0 Mott density at K # 0
(nucleon/fm®) (nucleon/fm®)
T=0 0.00663 0.00546
T=5 0.00890 0.00730
T=10 0.01250 0.00990
T =15 0.01580 0.01220
T =20 0.01870 0.01410
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Table 7. Comparison between the Mott densities obtained by Typel et. al. and those
obtained in the present work of the *He nucleus for different temperatures and with

X9 = 0.47
xo = 0.47
Temperature Mott density Mott density Mott density
T (MeV) (Typel et. al. work) (Fxsitz to:_( p;ef)e;]t (Resultz to:_{) p:te;e)m work

(nucleon/fm’) (nucleon/fm?®) (nucleon/fm?®)

T=0 0.00140 0.00464 0.00546

T=5 0.00360 0.00650 0.00730

T=10 0.00630 0.00870 0.00990

T =15 0.00930 0.01060 0.01220

T =20 0.01280 0.01210 0.01410

In Table 6 we used x, = 0.47 as the curves we have at this value are closer to
those obtained by Typel and his coworkers, and thus, it is more convenient to make

the comparison in this case.

Temperature and density dependence of the Mott density of *He was derived
experimentally by Hagel et. al. recently [47]. The experimental Mott density of *He is
about 0.0045 nucleon/fm® at T = 5 MeV. There is a noticeable difference between this

experimental value at the value found in our work. We found that the Mott density of

*He cluster moving with a momentum K is about 0.0089 nucleon/fm® at x, = 0.34

and 0.0073 nucleon/fm® at x, = 0.47. When we assumed that >He is at rest we
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obtained results closer to the experimental value as we can notice from Table 7. At

xo = 0.47 and K =0 the Mott density is 0.0065 nucleon/fm3. The differences
between our results and the experimental results are due to the simplifying
assumptions we used in our work such as the assumption that the wave function of
the He cluster will not be affected by the surrounding medium and the neglecting of

the self-energy term.

In our work in this thesis we evaluated the change in the binding energy of *He
nuclei due to their CM momentum when immersed in a hot low-density vapor of
symmetric nuclear matter of protons and neutrons. We conclude that the contribution
from the CM momentum of the clusters is significant and so it must be taken into

account in order to be more realistic.

In future work we may develop our work by considering the Coulomb effects
and the symmetry energy of the clusters to obtain more realistic results. Another
important thing, which we ignored here, is taking into account the change in the wave
function of the *He cluster when it is immersed in a medium. The wave function of
the cluster cannot stay the same while its binding energy decreases. We can also
improve our work by considering the excited states of *He especially at high

temperatures but this is very complicated and needs numerous work.
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